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ABSTRACT. We consider coupled parabolic systems with homoge-
neous boundary conditions. We establish a family of L?- Carleman
inequalities, ¢ € [2,00) and use them to obtain stability estimates
in L? and L*° norms for the sources in terms of the solution in
a subdomain. We apply these estimates to reaction-diffusion sys-
tems.

INTRODUCTION

In this paper we consider systems of semilinear parabolic equations,
coupled in zero order terms, and we study an inverse problem address-
ing the question of source estimation in L? and L*> norms in terms of
norms of the solution measured in a subdomain. The systems we study
arise from reaction-diffusion models which are related to physical phe-
nomena like heat transfer, population dynamics, chemical reactions. In
this context the sources have positive entries and also the solutions re-
main in the cone of positive functions as some extra hypotheses on the
nonlinear part, related to parabolic maximum principle, are assumed.

The main tool in approaching our inverse problem is a family of
generalized Carleman inequalities depending on two independent posi-
tive parameters. Global Carleman estimates were established by O.Yu.
Imanuvilov in the context of controllability of parabolic equations with
controls distributed in subdomains (see the lecture notes by A.Fursikov,
O.Yu. Imanuvilov [12] and V.Barbu [2]).

Our result has as starting point the work of O.Yu.Imanuvilov and
M. Yamamoto, [13], where the authors have considered linear parabolic
equations in bounded domains and established L? estimates for the
source. In this paper we improve the result to the more general case of
L1, respectively L> estimates for the source, in a linearized model, and
apply these results to nonlinear models of reaction-diffusion systems.
We are able to obtain a sharper source estimate, without involving
the time derivative of the solution in the right side of the estimates
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2 STABILITY IN INVERSE SOURCE PROBLEMS

and the method uses a family of Carleman estimates with generalized
weights and an argument based on the maximum principle for coupled
parabolic systems.

We use the L? Carleman estimates as the start point to a bootstrap
procedure, which leads to a corresponding class of L9, ¢ > 2 Carleman
estimates with independent parameters and generalized weights of ex-
ponential type for nonhomogeneous parabolic systems with various ho-
mogeneous boundary conditions. The bootstrap argument is based on
the regularizing effect of the heat flow in L? spaces (see, for example,the
monograph of O.A.Ladyzenskaja, V.A.Solonikov, N.N. Ural’ceva, [14]).
Other results concerning Carleman inequalities in L? norms and using
bootstrap technique were established for homogeneous parabolic equa-
tions in connection to controllability problems and regularity of the
controls (see V. Barbu, [3], J.-M.Coron, S.Guerrero, L.Rosier,[5], [15]).
The inverse problem for the linear system with Dirichlet boundary con-
ditions and estimates in L9 norm was investigated in [17]. However the
cited reference relies more on the hypotheses on the sources considered
in [13] while here some particularities appear and sharper estimates are
obtained when considering sources and solutions with positive entries.

1. PRELIMINARIES AND MAIN RESULTS

Let Q € RY be a bounded domain with smooth boundary, w CC €
be an open nonempty subset of Q, 7" > 0 and @ = (0,7) x Q. For a
given function y : Q — R, denote by

Ay Oy Py
Dy =—,Djy=—==,D;y = .
t ot’ Y ox; Y O0x;0x;

We denote by W4(Q), W, %(Q) with ¢ € [1,00] the usual Sobolev

spaces and by W2'(Q) the anisotropic Sobolev space

Wi(Q) = {w € LYQ)|Dyw, D*w € LY(Q)} .

with the norm ||w||qu,1 = ||lw||La@) + |1 Dewl|La(q) + || D*w]| La(q)-

In the following we will also work with vector valued functions y =
(1,---,9n) € [W2H(Q)]". When denoting the norm of such func-
tions, if there is no confusion, we will still write in a simplified manner
||y||wq2*1 = ||y||[Wq2’1(Q)]n = Zi:ﬁ ||3/z‘||W§’1'

For a given Banach space X and 1 < p < +oo we will use the vector
valued Lebesque and Sobolev spaces LP(0,7; X)) and

WP (0,T; X) = {y € LP(0,T; X) : o/ € LP(0,T; X)}.

Consider also the spaces

LP

loc

T
0, 7;X) = {y: 0,7T) > X:ye LP(e,T —¢;X),V0 <e< 5}
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and

loc

T
WhP0,T; X) = {y:(O,T) S X:yeW(e,T — ¢ X),¥0 < e < E}

For a € (0,1), denote by C%(£2) respectively C*(Q) the spaces of
Holder continuous functions defined on 2 respectively ). For k € N
one denotes by C**(Q) or C*t%(Q) the spaces of functions with k
continuos derivatives which are Holder continuous with exponent «.

We denote by (L;);—1;, a family of n uniformly elliptic operators of
second order in divergence form

N
(1.1) Liw=— Z D, (al" Dyw)

k=1
with coefficients a/* € Wh°(0, T; W'>(Q)), i = 1,n,j,k = 1, N. De-
note by A; = (a/") jr=1v the matrix of coefficients in principal part
which we assume satisfying the usual uniform ellipticity condition

(1.2)

N
> alf(to)gh = plgl?, VEERY, (tx)eQ, p>0,i=Tn

Jk=1

Consider also the first order operators (w is considered a scalar func-
tion),

N
(1.3) Liw="> bDuw,i=Tn,
k=1
with coefficients b¥ € W1(0,T; L>(Q)).
We study the following reaction-diffusion system of n coupled para-
bolic equations

(1.4)
N )
7,k=1
Bi(x) -+ mi(2)y; = 0, (0,T) x 09,

where g; > O,i = 1,n are the internal sources acting in each equation
of the system. In the following, when reffering to a vector function
g = (gl>:eﬁ to be positive, like ¢ > 0, we consider the inequality
satisfied on each component of the vector, g; > 0,i=1,n.

In the boundary conditions, we denoted by a the conormal deriva-

= (A;Vy,n). We impose that §;,n; € C’Z(aQ) such that

tives

’Bn

(1.5) B; > 0 on 0N or B; =0 and n; =1 on 0N.
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The first of the above boundary condition covers the Neumann and

Robin type and the last one gives the Dirichlet boundary conditions.
The coupling is given through the C' nonlinearities f; : R® — R

with f;(0) = 0, i = 1,n and we introduce the following hypotheses:

(H1) (quasimonotonicity) for some €q > 0, ggi_ (Y1, Un) <0,y €
J

Voo (0) :={y >0, [lyll < eo},j #i,i,j=1,....m
(H2) fi(y17 s 7yi71707y’i+17 CIE 7yn) S 072 = 17n7y Z 0

In the following we consider a fixed instant of time 6 € (0,7") which
can be chosen, for the ease of computations 6 = %

In order to describe the framework of our problem, we introduce the
following sets of functions (sources and corresponding solutions).

Let G be a compact subset of [L9(Q)]" with ¢ = —4- such that 0 ¢ G.
~ q
For ¢ > 2,¢ > 0, § > 0 consider the sets of sources:

(16) Giazd Y€ W0, T); [L9(Q)]") - g 2 0
. a.6,G — = A ~ IS
and Jg € G s.t. ng - gdxdt > 6|9l Le(o)
and
g € WH((0,T); [L(Q)]") = g =0,
(1.7) Goosie = Wn)| < ¢g(0,x)], ae. (t,z)€ (0,T)xQ

and 3 € G s.t. ng - gdxdt > SHQHLQ(Q)

One may observe that the functions in set of sources (1.6) do not have
the boundedness condition on the time derivative in relation to a certain
observation instant 6 € (0, 7).

Also, consider the set of functions,

(18)  Forr={y € W Q) NLZ@Q)]" 1y >0, [lyllz=(@) < M}.

Problem: Obtain estimates for the sources in a reaction-diffusion
system in terms of the solution in a subdomain, estimates which would
guarantee that small variations of the solution observed on a subdomain
correspond to small variations of the source in the whole domain.

Remark 1. There exist difficulties encountered when trying to extend
the approach in [13] to L7 setting and to the nonlinear case. This lead
us to introduce new classes of sources, not too restrictive for which one
is able to prove stability estimates. With respect to [13], thye class of
sources G, ;5 = we use in this paper need to have an additional property

(1.9) /Q 952 Slgllm@.

for some § belonging to a compact subset of G C LY. Observe that
such a property is verified by the sources which are concentrated, in the
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following sense: for e > 0 and 6, > 0 fized, for each entry i there exists
an open subset &; C Q with Lebesque measure j(@;) > € such that

(1.10) 61/|gill (@) < inf g;.

Remark that condition (1.10) implies (1.9), by taking g = (1,..., "
and for some § = (e, d1) > 0.

The main results concerning the stability for nonlinear parabolic
systems are the following two theorems:

Theorem 1. (L9 stability estimates)

Let 2 < q<oo. Let 6 >0,M >0, a compact set G C LY(Q), 0 & G
and assume that the sources in (1.4) belong to G, 5 & and the associated
solutions satisfy y € Fom.

Assume also that one of the following conditions, (A) or (B), con-
cerning nonlinearity f, holds :

(A) f satisfies the hypothesis (H1) in the whole cone y > 0,
or
(B) ¢ > % and f satisfies hypotheses (H1), (H2).

Then an L9 stability estimate holds: there exists C' = C(6, M,G) > 0
such that

(1.11) 19/l a0y < CllyllLaqu)-

Theorem 2. (L™ stability estimates) Let o € (0,1), ¢ = YL and

0 € (0, T) an intermediate observation instant of time. Consider 6 > 0,
M >0 and a compact set G C LY (Q), 0 & G such that the sources in
(1.4) belong to G, ;55N C(Q) and the associated solutions y € Fy .
Assume also that one of the conditions (A) or (B) holds.

Then there exists C = C(q,¢, 5, M) > 0 such that an L™ source
estimate holds:

(1.12) 190l o2 (@) < Cllyll Loy + 19 (0, ) llozre(e)):

Remark 2. We point out the fact that in the above Theorems we are
not interested in the existence of solutions to Cauchy problem associ-
ated to (1.4). In the theory of reaction-diffusion processes most of the
mathematical models contain nonlinear couplings of the equations and
the couplings may have polynomial behaviour at infinity. Ezistence of
global solutions is proved by specific methods. We refer, for example, to
the papers [8, 9, 7, 10] for models of reaction-diffusion systems without
a source, where the proof of the existence is based on the study of some
entropy functional. There are also models of reaction-diffusion systems
with sources playing the role of a distributed control [5, 6], where exis-
tence is proved on the given interval of time locally around a reference
solution, in spaces of reqular enough functions.
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In this paper we study source estimates for reaction-diffusion systems
assuming that solutions exist and satisfy an a priori boundedness esti-
mate (1.8).

We refer to the monograph of M.Choulli [4] for an introduction to in-
verse problems.

The approach for obtaining source estimates for nonlinear systems
is combining a priori estimates for the solution with source estimates
for associated linear systems which in a certain sense approximate the
nonlinear model. The results in the linear case give informations on
the source in the nonlinear problem under apriori L*° bounds of the
solutions.

Consequently, for the beginning we consider a generic linear para-
bolic problem, with the same principal part as the nonlinear system,
with one of the homogeneous boundary conditions (Dirichlet, Neumann
or Robin) on each component of the vector solution (1.4).

1,n

113 Dyi + Ly + Liyi + Ly = gi, (0,T7) xQ,
) B nu=0.  0.7)x 00,

where ¢; > 0,7 = 1,n are the internal sources and f3;,n; are given as
before in (1.5).

The lower-order operators are given by (w is a scalar function, y is
vector valued function):

(1.14) Liw = Z VDyw, Ly = Z dy, i=T1,n,

k=T,N I=Tn
with coefficients b¥, ¢t € W1°°(0,T; L>(f2)), and the coupling is done

171
only through the zero-order terms.
We are interested in obtaining L? and L* estimates for the source
9 = (9:)i—tn € G,5¢ in terms of the solution y measured in Q. The

result in the linear case is the following:

Theorem 3. Let 2 < q < oo,g > 0,¢ > 0 and a compact set G C
Lq/(Q), 0 & G. Then, for sources g in G, 55 and corresponding solu-
tions y to (1.13) belonging to W2 (Q)]", there exists C = C(6,q) >0,
such that

(1.15) 190l L) < Cllyllzau)-

Moreover, for 8 € (0,T),a € (0,1) and sources g in G, ;.50 C*(Q)
with corresponding solutions y to (1.13) belonging to [WqZ’l(Q)]”, there
exists C = C(S, q) > 0, such that

(1.16) 91l L= () < CllYllLa@uy + [19(8: )l czre(n)-

The proof of the above theorem relies on LY Carleman estimates
for the parabolic systems under homogeneous boundary conditions
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(Dirichlet, Neumann or Robin) and an argument based on the Maxi-
mum Principle for systems of parabolic equations.

Concerning the Maximum Principle for single parabolic equations
the results are classical and we refer to the monograph of M.H.Protter
and H.F.Weinberger [18]. The case of systems of linear parabolic equa-~
tions which are weakly coupled (i.e. coupled in zero order terms) is
also treated in [18], [16] and this is the result we need and we discuss
further.

We mention however that a large interest in literature is devoted to
Maximum Principles for semilinear parabolic systems, formulated in
terms of invariant sets. We refer to [1], [11], [19] where invariance of
closed convex sets is obtained through tangency conditions and sub-
quadratic growth for the couplings of the first order derivatives.

Consider now weakly coupled linear systems of form (1.13) where
the boundary operator is given by

AYi R
By = (Bil/z‘)z':meiyi = ﬁi(a:)anyA. + ni(z)y;, i = 1,n.

(3

Under the additional hypothesis that the off-diagonal terms of the
matrix L° are nonpositive,

(1.17) <0,i#1,i,1€1,n,

the results from [18],[1] give that if ;(0,-) > 0 in  then we have y; > 0
in the whole domain (0,7") x Q. Moreover, if the solution is zero at an
interior point (g, zg) € (0,7) x Q then y = 0 for all ¢ < .

The main result concerning the L9 Carleman estimates for systems
of linear parabolic equations (1.13), that we prove in §2 uses some

auxiliary functions. Consider an open subset w CC 2 and a function
Y € C?(Q) such that

1 4 1 _
One also considers the weight functions
(@) (@) _ L5l o)
1.18 t = t =

The result concerning the L9 Carleman estimates for systems of linear
parabolic equations (1.13) is the following

Proposition 1. (L?-Carleman estimate) Let g € (LY(Q))", with 2 <
q < 00. Then there exist so = so(q), Ao = o(q), such that if X > Ao,
s’y s > s, S;/ > ' > 1, then there exists C = C(q,I") such that the
solutions y € W2'(Q) to (1.13), satisfy the estimate:
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(1.19)
lye® | La) + 1(Dy)e * || Lacqy + 1 (D?y)e” * | Laq) + | (Diy)e” || Lo
< C [lge** o) + llve* |2 qu)] -

The above result is based on the regularizing effect of the para-
bolic flow combined with a bootstrap argument applied to the linear
parabolic system and using as a start point the following classical L?
Carleman estimate ( see [13]):

Proposition 2. For g € L?(Q), there exist constants \g = \o(9,
S0 = So(Q,w) such that, for any X > Ao, s > so and some C
C(T,Q,w), the following inequality holds:

(1.20)

)

[(s) ™" (IDw)? + | D?yl?) + sA%p| Dy|* + s°A*0%|y|?] e***dudt

<C (/ \g|>e***dxdt +/ 33)\4903|y]2625“dxdt> ,
Q [0,T)xw

fory € [H(0,T; L*(Q)) N L*(0,T; H*(Q))]" solutions of (1.13).

2. LI-CARLEMAN ESTIMATES WITH GENERAL WEIGHTS.PROOF OF
PROPOSITION 1

We consider the system (1.13) written in a more compact way,
2.1) Dy + Ly + L'y + L% =g >0,(0,T) x Q,
' By =0, (0,7) x 0.

The proof of these L9 estimates is based on the regularising proper-
ties of parabolic flows and Sobolev embeddings for anisotropic Sobolev
spaces. Such classical embedding results may be found in [14], Lemma
3.3; we will use the following reduced form of the cited result:

Lemma 1. Consider u € W2 (Q).
Then u € Z1 where

L1(Q) with q¢ < ,Eiﬁ)g]; when p < ﬁ
Z1 =14 L1Q) with q € [1,00), when p = T+

a,a : N+2 N+2
Co/2(Q) wzth0<a<2—7+, when p > ~F2
and there ezists C = C(Q,p, N) such that
Jullz, < Cllullyz g

Moreover, Du € Zy where

L1(Q) with g < % when p < N + 2
Zy =14 LUQ) with q € [1,0), when p= N + 2

Co2(Q) with0<a<1—2" whenp> N +2

p Y
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and there exists C = C(p, N) such that
[1Dullz, < Cllully21q)-

In order to prove the L¢ Carleman estimates, we introduce the fol-
lowing auxiliary functions based on the functions from (1.18):

Y= inf Y(x), ¢ :=sup(z),

- €N e
B M M RNV B2\ M _ 15N
=, = o= o=
7 t(T—t)’E HT —t)’ HT—t) tH(T —t)

Remark 3. Concerning the weights involved in the Carleman inequal-
ities, one may observe that for all m > 0 and oo > 1, there exist
Ao = Xo(00) > 0 and C = C(m) such that if A > Ao and sy, s2 > 0 with

z—f =0 > 09, one has

(2.2) P sy A e < C'(m)e®?,
with ¢, « defined in (1.18).

It follows from the following stronger inequality:
(2.3) PSP A e < C(m)ee.

Indeed, for some o > oy and for some 5\0(00) > 0 we have for A > 5\0
that

—(0 — 1) 4 g — M < g

Consequently, (2.3) follows from the inequalities

em)‘aamsm)\m —(o‘—1)5151'5>‘E+o’sle>‘a—sle>\£ 6m)\EOmSmAm —o‘sl)\e>‘E
RS S WT—0 S S ()
tm(T —t)m - (T —-t)m
< supepo, o)t e = C(m).
We proceed now to the bootstrap argument. For a given v > 1 and
7 € N we denote by

2=y’ = il s,
Observe that since v > 1, for fixed j there exists A\g(j) > 0 such that
(2.4) 75 < 7 < e for all A > Ao(4).

Each 27 verifies the problem

(2.5) | |
D2 4+ L2 = ge?’s® + 0[37j¢267ﬁlsa(7_1)]zj_1, in (0,7) x Q
Bz =0, on (0,T) x 0%,
27(0,-) =0in Q
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At this point we construct a sequence {g;}jen taking into account the
regularity argument from Lemma 1:

(N + 2)Qj_1

(2.6) 0=2 ¢ =4N+2—-q_
3qj-1, ifqjo1 > N +2.

) iqu‘,1<N—|—2,

The sequence {g;};en is increasing to infinity. Since g € L%(Q), we
consider m such that ¢,,_1 < ¢ < ¢n. Observe that by standard
Sobolev embedding we have:

(2.7) Whi-1(Q) Cc LY(Q), j=1,...,m,

since the Sobolev exponent ¢} := % q;-
i

One may observe that a similar argument as in Remark 3 give that
there exists Sy, Ag > 0 and C' = C(j) > 0 such that for s > Sy, A > Ag

and 7 = 1, m we have
(2.8) syIgRer 0 < ¢ (j).

Since 27(0,-) = 0, from parabolic regularity and using the previous
estimate (2.8), for A big enough (A > max{Xo, Ao, max,_i{A;, A;}})
we have

(2.9) 12wzt @) < © (”967]8&%%*1(@) + szilulqufl(Q)>

By Lemma 1 and (2.7) we have that 2/ € L%(Q) and the previous
inequality gives for j =1,...,m

(2.10) 1711z (@ < C (llge™ 1) + 117 1@ ) -
and so
m—1 _
(2.11) 12" || Lam(@) < € (Z lge”* N o @) + ||ZO||Lq0(Q)> :
j=1

Lemma 1 gives also that [[Dz"|Lam(q) < [|2"[[y21 (g, meaning that
m—1
we have estimates also for first order derivatives

(2.12)
m—1
12" |pam (@) + [[D2" || Lam (@) < C <Z lge™ | 1 () + ||ZO||L00(Q)> :
=1
Since
lye”"** ooy < llye” ey < Cllye” * || Lam ()
and

I1Dye”** || Loy < IIDye” | La(qy < CllDye” || Lam (),
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using (2.12) we can obtain a partial estimate,
(2.13)

lye™™**|| Loy + |1 Dye” **|| sy < C

m—1
> llge™ ) + ||Z°||qu(c2>] :
7=1

Now we use (2.4), the fact that gy = 2, 2° = ye*®, and the L? Carle-
man inequality (1.20) to properly bound [|2°|| a0 (g):
vl lsa
lye* @) < Cllyer™ |l12q)

(214) Lsa 3 3 Llgg
< C (llgem™ g + 530203y |12quy) -

Using (2.4), Remark 3 and the fact that ¢ > ¢; for all ¢; € 1,m — 1,
there exists C' > 0 such that the right hand-side of (2.13) is bounded
as follows

m—1

i sav Lsa 3 3 Lsa
(2.15) D N9 @) + lge™* Nz + lls2 X202 ye 7| 2w
2.15 j=1

len L sa
< C (llge™* @ + lve™ 2@ -

In order to obtain estimates for time derivatives and second order space
derivatives, we return to the parabolic problem verified by 2"+
(2.16)

Dy Lt = get

Bz =0, (0,T) x 09,
2"0,.) =0,
Parabolic regularity along with (2.8) gives
217) " g < C (llge” s + 12" @)
which implies, using again (2.4), (2.11) and (2.15) that
1D?ye™™ o) < ||D?ye

m+lsa

+ O[S,Ym-&—lEQeymsa(v—l)]Zm’ (O, T) % 0

mtlsa(y—1

m+lsaHL‘1(Q) — ”DQZerlHLq(Q)

< C (llge™* o + lve* N2 )
and using (2.8), (2.4), (2.11), (2.15) that

(2.18)

m—+1

[(Diy)e”
1lsn Lsa
< O (llge* ey + llye™ 2@y -

From (2.13),(2.15),(2.18) and (2.19) and taking v = Twrs, s changed
into A/%s, we obtain the conclusion,
(2.20)

/

lye || o) + |(Dy)e || a@) + (D*y)e” || 1a@) + (Dey)e” || 1acq)
< C (llge” o) + lve**l2qu)) -

N pa@) < N1De2™ M Lagq) + Cllz™| Lo
(2.19)
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3. L% ESTIMATES FOR THE SOURCE TERM OF THE LINEAR SYSTEM

Lemma 2. Let w CC ), and consider (y™)m a sequence of solutions
for the system (1.13) with corresponding sources (¢™ )y, C LU(Q). If
(9"™)m is bounded in LI(Q) and (y™ ), is bounded in LY(Q.,), then there
exist subsequences also denoted by (Y™ )m, (9™ )m, and, correspondingly,
y € L (0, T;WH1(Q)), g € LYQ) such that y™ — y strongly in

Li(e,T — e Wh(Q)), for all 0 < e < L, g™ — g weakly L(Q) and y
is the solution to (1.13) corresponding to g.

Proof. The boundedness of (¢™),, in LY(Q) and of (y™),, in LI(Q,,) as-
sures, by Carleman estimate for the solution y™ of (1.13) corresponding
to the sources g™, that (y™),, is bounded in W2'(Q°), € > 0 arbitrarily
small, where Q¢ is a cylinder of form Q¢ = (¢,T — €) x €. This implies
that (y™),, is bounded in Li(e, T —¢; W>%(Q2)) and D;y™ is bounded in
Li(e,T — ¢ L%(Q)). Since W1(Q) ¢ W(Q) C L) with compact
embeddings, by Aubin-Lions lemma applied to sequence (y™),,, there
exists y € LI (0,T;W4(Q2)) and a subsequence also denoted (y™),,
such that:

(3.1) y" — yin Li(e, T — ¢, W4(Q)) as m — oo, Ve > 0.

Strong convergence of (y™),, in L(e, T — ; W4(Q)) and weak conver-
gence of (¢"),, in L9(Q) allow to pass to the limit in a weak formulation
of problem

(3.2) D™ + Ly™ + L'y™ + L%y™ = g™, in (0,7) x €,
' By™ =0, on (0,7) x 09,

to conclude that y is solution to (1.13) corresponding to g. O

We focus now on proving source estimates for the linear parabolic
systems (1.13) with sources belonging to G,5.¢- We have to prove that

there exists C' = C(q, 5, é) such that for g € G, 5 &,
(3.3) 19/l a0y < CllyllLaqu)-

We argue by contradiction. Suppose it were not true. Then there exists
a sequence (¢")m C G,5.¢ and corresponding solutions y™ such that

(3.4) 19" | 2oy > mlly™ || La@.)-

With no loss of generality we may suppose that [|g™| ., = 1 and
thus, up to a subsequence, g™ — g weakly L?(Q), for some g € LI(Q).
The above sequence of inequalities implies that:

(3.5) y™ — 0in LY(Q,) as m — oo and ||y™||Le(q,) bounded.

We observe now that the weak limit g of (¢™),, is not zero. Indeed,
by hypothesis g™ € G, 5 ~ and thus there exist a corresponding ™ € G
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such that
/ 9"g" > 0llg"(|Laq) = 9.
Q

By further extracting a subsequence we may suppose that g,, — g €
G.§ # 0, strongly LY. By weak convergence of (¢™),, in L(Q) and
strong convergence of (§™),, in L7 (Q) we have that fQ 9§ >4 >0 and
thus g #Z 0.

The Lemma 2 says that, up to a subsequence, (y™),, converges
strongly to y in L?(Q) and by (3.5) the limit y is zero in Q.

Now, if we invoque the Maximum Principle as recalled in the Pre-
liminaries, since we have the hypothesis L?j < 0 when ¢ # j, then for
an initial datum y(0,-) > 0 and g > 0, we have that y > 0 in Q). Since
y vanishes in (), and thus in interior points of () it implies that y =0
in (Q which would imply that ¢ = 0 in @, which is a contradiction.

Remark 4. We used tha fact that LY estimates in Theorem 3 remain
valid with uniform constant for a whole family of such linear systems
with fixed principal part and different first and zero order operators with
coefficients in the corresponding L', L° satisfying an uniform bound in
L>(Q). This fact is due to the use of Carleman estimates in which
zero and first order terms may be absorbed in a uniform way if uniform
bounds on the coefficients in lower order terms are available. Observe
also that the LY estimates remain valid for lower reqularity of the coef-

ficients of L', L°: bk b € L>=(Q).

1)
4. L°° ESTIMATES FOR THE SOURCE TERM OF THE LINEAR SYSTEM.

The following remark, from [17], gives some consequences of the
growth propery for the sources considered firstly in the paper of O.Yu.
Imanuvilov and M.Yamamoto [13] (|D:g(t,z)| < € g(6,z)|) and says
basically that the norm of the sources in @ is controlled by the norm
of the sources in an arbitrary time neighborhood of the given moment

0:

Remark 5. There exists a constant C; = C1(q,¢) > 0 such that for
9 €G,5za defined in (1.7) we have that

1
(4.1) o 1900 )@ < llgllza@ = Cullg(@: )z

Moreover, if 0 < ¢ < min(0,T — ), there exists Cy = Cs(€,q,¢) > 0
such that

1
(4.2) G ll9lze@) < llgllza@ < Callgllza@o)

Indeed, since |%(t,x}| < ¢lg(t, z)],a.e.(t,z) € Q, we have that

gt z)| < @ / gu(r 2)|dr + 19(0, )] < [t — 0] + 1]]g(0, )|
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= l9llzq) = T(eT + 1)?l9(0, )10y
= lglla@ < T7@T + )90, )| ooy,

giving the second inequality in (4.1).

Observe now that

t
9(6,2)| < & / gu(r, @)l + gt )] < &t — 0]|g(0,2)| + gt )

and if we consider |t — 0] < § < zi we have that |g(0,z)| < 2|g(t, x)|
and thus integrating on (60 — §,60 + 6) x Q we find

25/ lg(0, z)|%dx < 27 /|g 7, 2)|%dxdr.

[t—0]|<d
Using this, we find for 0 < § < min(@ — e, T — (0 —¢))
196, Loy < Cligllza@e,

where C' = C(¢,¢,q). This combined with the second inequality in (4.1)
conclude both (4.1) and (4.2).

We consider now the systems for the sources g and the corresponding
systems obtained through derivation with respect to time:

D+ Ly+ L'y + Ly =g, in(0,T)xQ,

(4.3) By = 0, on (0,7) x 09,
y<97 ) = Yo, in Q.
with g € G, 255N C*(Q), and for 2 = Dy
(4.4) i i i
Diz+ Lz+ L'2+ L% =g, — Ly — L'y — L%, in (0,7T) x Q,
Bz =0, on (0,7) x 89
Z(G, ) = g(ga ) - Ly@ - Lly@ - LOy@ n Q;
where
) ) N
Ly = (L)1 Liyi= )Y _ Di(Dyal'Dys),i =T,n
7,l=1
45) L'y = (Liy) i Liyi= > Ddf'Duyi=Tn
k=T,N,I=T;n

Loy = (Z?y)::ﬁ7 E?yz ZDtC Yt =

In order to estimate L* norm of g on (0,7) x © in terms of the
solution y in (0,7) X w and y(6, -) in €2, we look at the third relation in
(4.4) and for fixed s; > 0, we have that there exist constants denoted
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generically by C' and depending on s;, A, C' = C(s1, A), such that
Hg (97 ) esla(Q,v ) < ||g (97 ) es1a(o9,~)

)HLw(Q ‘CD‘(Q)

< C[l2 (0, e gy + 120 N o)
(4.6)
12300 o+ 00

‘ co(Q)

< ”Z (97 ) 6510&(97‘)“0&(9) + C<317 )‘) Hy (07 ')||CQ+Q(Q) )

We have to estimate the term ||z (9, ) esre9) HCQ(Q). We consider ¢ =
%, in order to use the Morrey embedding theorem:

A7) 26, | oy < 26 gy < C@) 126 ynagey
Now, we estimate the last term above:

1€ 10 (g) =
(4.8) ~ ||2681a||LQ(Q) + ||Dt(2651a)||L11(Q) + ”D(zesla)HLq(Q)

<C [31)\ ||90226810[HL¢1(Q) + ||thesla||L¢I(Q) + ||DZ@SW||Lq(Q) .
At this point using (3) we obtain that for s, = %, with o > 1,
(4.9) sid [[¢*ze" % o) < Cllze™ o)

and going back to (4.8) we have,
(4.10)

Hzeslauwlﬂq(@ <(C [HzesQaHLq(Q) + HDtZ@SQOéHLq(Q) + HDZeSQaHLq(Q) .

Using Carleman estimates with s3 = 22, o > 1, we obtain

126°2% || o) + 11267 | o) + 11D26%2% | L)
(4.11) < Clllze* | Laqu) + lgee™ | o)
+ ([ Lye | La) + 1L ye™ || pa) + 1 L2ye™ || La@)]

In the following we treat each term in the right side of the above in-
equality, keeping in mind that

26| L2 (qu) = 1 Drye™ || L2(q.) < [1Diye™ || Laq)
We recall the estimates
(4.12) |Ly| < C(1D?y| + [Dyl), |L'y| < C|Dyl, |L%] < Cly|

for some constant C'and y € I/VqQ’1 (Q). We may apply now appropriate
Carleman estimates to system (4.3) with s4 = %, o > 1, and obtain:
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(4.13)
12| 2 (0u) + | Lye®* | Laq) + 1L ye™ || Lagq) + [1L0ye™ || La(q)] <
< C(llge™* || aq) + llye™* || 2q.))

Going back to (4.8),
(4.14)

lze** lwragq) < CUlge™ Nla@ + llgie™ Nlza@) + lye™* [ r2@u))-
Now we use the fact that g € G, 5~ and this gives

9™ La(q) + [lgee™ || o) < Cllg(0, -)e*** || Laq)

and (4.6) becomes
(4.15)

s1a(0,
Hg(&, el )HLOO(Q)
< C(llg(0, )e*** || La@) + lve** [ r2qu) + Clst, A) [y (6, )l c2ra(ay)-

Now, since 0 = % and « attains its maximum in 6, we have that there
exists C' = C(Q) such that

(4.16)  [|g(8, )" || L@y < 119(8, )™ * || Laiq) < CT|g(8, )|l Lacer-

Using the Remark 5 we get that there exists another constant C' such
that

(4.17) l9(0: N za) < Cllgllze@)

and using again Remark 5 and the L? source estimate we have that
lgllie@ < Clg(0,) @] g

(4.18) i
< C([lye™ HLQ(QW) + C(s1,A) |ly (0, ')H02+a(9))-

5. SOURCE ESTIMATES FOR THE REACTION-DIFFUSION SYSTEM

We return to the system (1.4). In this section, the solutions of the
nonlinear reaction-diffusion system are supposed to satisfy an apriori
bound in L*(Q), and thus, for some M > 0, we assume y € F, .

Proof of Theorem 1 under condition (A)

In order to apply the results from the linear case and taking into
account the Remark 4, we consider the system that ”approximates”
the nonlinear reaction-diffusion system,

{ Dwy+ Ly+ L'y+ L% =g, (0,T)xQ,
0.7

(5.1) By =0, (0,

with
Dy = (D) —17 > Ly = (L) i1 » L'y = (Llwi),
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and the coupling is done through

Loy = (L), 0 Ly = > +ly,

j=1
where
1
~ of; s TYiy o TYn
(5:2) ¥ (t,2) = / STy o T ) g
0 8%

Since f;, i = 1,n are C*°(R") functions, f(0) =0 and y = (;) . €
Fq.m, we have that there exists a constant mg > 0 such that

Moreover, the above conditions and the hypothesis (H1) on the nonlin-
earities allow to apply the results from the linear case. In this context,
if we consider sources g form G, 5, for some 6 > 0 we can apply
the result from Theorem 3 concerning the L? estimates to the above
linear system to obtain the L? estimates for the source of the reaction-
diffusion system.

Proof of Theorem 1 under condition (B).

Consider now the reaction diffusion system under sources g from
G,5. Wwith the hypothesis from condition (B) satisfied. We want to
prove that there exists a constant C' > 0 such that

HgHLq(Q) < Cllyllza.)-

We reason by contradiction. Suppose that there exists a sequence
(9™)m € G, 55 and the corresponding solutions (y™),, € Fyar such
that

(5:3) 9™ I oy > mlly™ | e(@u), ¥ > 0.

We will treat the cases when || g™ rag) — 00, |9 | La(g) — 0 and
when [|g"™| Lo(q) bounded but ||g™|ze(q) #— O.
Case 1. If ||g™||Le(@) — 00, we consider the linear system by the

sequence (w™),,, w™ z

= Tolzae)
1
D™ + Lw™ + L'w™ = h™ — ———— f(y™), (0,T) x Q
(5.4) g™ | Lac@)
Bu™ = 0,(0,T) x 99,
mo.__ 1 m
where A™ = Tl 9"

By Lemma 2 applied to the pair (w™, h™) we have that there exist
h € LYQ) and w € LI (0,T;Wh4(2)) such that, up to subsequences

loc
denoted in the same manner, we have

(5.5) h™ — h weakly in L(Q)
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and
(5.6) w™ — w strongly in L (0, T; Wh(Q))
and h, w verify the problem
Daw + Lw + L'w = h, (0,T) x Q
Bw =0,(0,7) x 0.
By the hypothesis 5.3, we have that the limit w satisfies
w=01in Q,,.
Moreover, observe that i # 0 in (). Indeed, by hypotheses g™ € G5 ~

we have that h'™ € G5 ~ and thus there exist a corresponding g™ € G
such that

(5.7)

/thgm > I o) = 5.

Extracting a subsequence we may suppose that g, — g € G, g #
0, strongly L?. By weak convergence of (h™),, in L9(Q) and strong
convergence of (§™),, in L% (Q) we have that Johd > 6 > 0 and thus
h # 0. Then, by the Maximum principle applied to the system (5.7),
we have that w > 0 in ). Since w = 0 in @), it follows that w = 0 in
(), which implies that A = 0 in (), which is false.

Case 2. If ||g™|| La(q) bounded but [|g"™|La(q) — 1 # 0 we have that
up to a subsequence, g™ — g weakly in L4(Q) and g Z 0 in Q.

The sequences (¢g™),, and (y™),, satisfy the problems

(5.8) { D™+ Ly™ + L'y = g™ — f(y™),  in (0,T) x ,
' By™ =0, on (0,T) x 09.
Since (y™)m C Fym, we have that (y™),, is bounded in L*°((Q)) and,
since f is smooth, we have for some K > 0 a bound in L for the term
IIf(y™) || L>=(Q) < K,m € N. By Carleman estimates we have that for
0 < e <min(d,T — ), there exists a constant C' = C(e) > 0 such that

1y™ w2 g < CUlg™ e + 1y [[Lau) + K,

where Q€ is the cylinder Q¢ = (¢,7 — €) x 2. By Aubin-Lions lemma
applied to sequence (y™),,, there exists y € Li (0,T;Wh(Q)) such
that up to subsequences of y™

(5.9) y™ — yin Li(e, T — e, W(Q)) as m — o0, Ve > 0.

Strong convergence of (y™),, in L(e, T —¢; W(2)) and weak conver-
gence of (¢™),, in LY(Q) allow to pass to the limit in the variational
formulation of problem to obtain that y is the solution of the nonlinear
system with source g:

Dy+Ly+L'y=g— f(y),(0,T) xQ

5.10
(5.10) By =0,(0,T) x 05.
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Moreover, by (5.3), y = 0 in w x (0,7"). By hypothesis (Hs), invoking
the invariance principle from [16] we get y > 0 in (¢, — ¢€) x 2 for all
€ > 0, and consequently in whole Q.

Now, since ¢ > Y2, the Sobolev embedding gives that W2 (Q) C
C*(Q) and so y is Holder continuous in @) for some a € (0,1). This
implies that y is uniformly continuous in @) and so there exists dy inde-
pendent of w such that in each neighborhood (0,7") x [(w + Bs,) N Q]
we have that y remains in the domain of quasimonotonicity of f. In
this slightly larger domain we consider again the ”approximate” linear
system (5.1)

(5.11) Dy +Ly+ L'y+ Loy =g, (0,T) x4,
' By =0, (0,T) x 99,

and we use the same method (based on the maximum principle for
linear coupled systems, [18]) as when working under the condition (A)
to obtain that y = 0 in (0,7) X [(w + By,) N Q]; consequently we may
extend the vanishing property to the whole cylinder (0,7") x €. This
would imply that ¢ = 0 in ), which is a contradiction.

Case 3. When ||g™||za(g) — 0, we consider the linear system

D™ 4 Ly™ + L*'y™ + L y™ = g™, (0,T) x Q

5.12
(512 gy —0.(0.7) x 09,
where
m m\ T m m
ngy = (L?,my ) i=I,n’ Zmy Z !
with
‘ Lofi(ryl, ...ty Tyl
(513) 757m(t,$) ::/ f( U1 niyj Y )dT
0 8yj
Along with (5.12) we consider the system verified by w™ := pmr— gmHqu oY

Daw™ + Lw™ + L'w™ + LY w™ = ™, (0,T) x

5.14
(5.14) Buw™ =0, (0,T) x 9,

1
||9m||Lq(Q)
so there exists a subsequence denoted also (h™),, and h € L(Q) such

that ™ — h weakly in L9(Q). Looking at the properties of the set of
sources, one may see that A Z 0 in Q.

We would like to pass to limit in the above system. Since (y™),, is
in F, a7, we have that the entries of LY are bounded in L>(Q), and up
to a subsequence,

where o™ g™. One may observe that ||h™| 1) = 1 and

A “ v/ weakly* in L.
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Using the hypothesis (5.3) and the global Carleman estimate for the
system (5.12) we get that (w™)p, is bounded in W2>'(Q). By Aubin-
Lions lemma, we obtain that there exists w € L{ (0, T; W4(Q)) such
that, up to a subsequence, we have

(5.15) w™ — w in L}

loc

(0, T; W (Q)).

At this point we can pass to the limit in the variational formulation of
(5.12) and find that w verifies the equation with source h in Q:

Dyw + Lw + L'w + L°w = h, (0,T) x Q

5.16
(5.16) Bw =0, (0,7T) x 09,

where the coefficients 7/ of L are the weak* limits in L>(Q) of the
sequences of corresponding coefficients of L? . Moreover, again by hy-
pothesis 5.3, we have that the limit w satisfies

w=01in Q.

We work in hypothesis (B), so ¢ > 242 and the Sobolev embedding
W2HQ) € C*(Q) for some a € (0,1) together with a Carleman esti-
mate for the solution y™ of the (5.12) gives that

This observation alows to place y™ in the go-neighbourhood, V. (0)
where (H1) holds, when (t,z) € Q. Consequently, v/™ < 0 in Q¢ for
m big enough and passing to the limit we find 717 < 0in . We may
now apply the maximum principle for the linear parabolic system, find
that w =0 in () and thus A = 0 in () which is a contradiction. |

Proof of Theorem 2
Concerning L source estimates, we consider the reaction-diffusion
system with a given observation yy at the instant 6 € (0,7) ,

D+ Ly+ L'y + f(y) =g, (0,T) xQ,
(5.17) By =0, (0,T) x 09,
y(0,-) = yg in Q.
From the above system, using the mean value theorem, we obtain

the linear system that ”approximates” the nonlinear reaction-diffusion
system, (5.1):

Dw+Ly+ L'y+ L% =g, (0,T)x Q,
(5.18) By =0, (0,7) x 99, |,
y(0,-) = yo in Q,

where L0y = (Ly)T, Ly = 2?21 %jyj, 'yij defined in (5.2).
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From (5.17) we obtain through derivation with respect to time a
linear system for the variable z = D,y:

(5.19)
Diz+ Lz+ L'2+ Df(y)z = Dyg— Ly — L'y, (0,T) x Q,
Bz =0, (0,7T) x 09,
2(0,-) = g(0,-) = Lyg — L'yg — LOys in €,

where L, L' are given in (4.5).

Remark 6. We want to apply the same procedure as in the case of
linear systems in §4 , based on combining Li-Carleman estimates for
y and z = Dyy. There we used appropriate Carleman estimates for
the linear systems satisfied by z and y, which are in this section rep-
resented by (5.18) and (5.19). In the present case we have in fact
famalies of such linear systems and the Carleman estimates hold with
uniform constants if L bounds on the coefficients of zero and first
order terms are assumed. In fact we have families of linear systems
fory, z with variable zero order terms, with coefficients ! and, respec-
tively, D f(y), which are uniformly bounded in L= (Q) as a consequence
of the assumption y € Fy .

We start with the linear system (5.19) and we treat it like we did
with (4.4). From the last equation in (5.19), for s; > 0, we obtain that
there exists C'(s1, A) > 0 such that

||g (6, ) 65101(9,') ‘LOO(Q) < Hg (6’ ) 6510‘(97') HCQ(Q)

(5.20) o
< HZ (‘97 ) e’ (07)Hca(g) + 0(817 )‘) Hy (67 ')HCQ"W(Q) :

s1«

To estimate the term Hz 0,-)e we use the Morrey embed-

9,
@
ding theorem:

(5:21) [|2(0.) €| oy < 126 gy < Cl@) 267 ynagey -

For the term Hzeslo‘HWl,q(Q) we apply a Carleman inequality to system
(5.19),

||Z682a|qu(Q) + ||Dt2682a||LQ(Q) + H‘DZGSQQHLQ(Q)
(5.22) < Clllze* [ La@u) + 9% || La(@)
+ 1 Lye™ | o) + 1L ye™ || L) + 1L || Lo,

where sy = $1/0,83 = sy/0 for fixed 0 > 1 and the constant in the
above estimate C' = C(s1, A, 0).
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At this point we couple the two systems (5.18) and (5.19), by using
a Carleman estimate for (5.18), to bound the weighted terms in y:
(5.23) i i )
1Dwe™ (2. + 1 Lye™ @ + 1L ye™ (o) + L7y |l 1aq) <
< Clllge™ lza@) + llye™*llrou));
where C' = C(s1,A,0), s4 = s3/0. We use that g € G_ ;55 to be able
to write

lge™** Nl zai@) + lgre***lza@) < Clig(0, )| Lae)

and gathering the estimates above, using Remark 5 and the fact that

« attains its maximum in 6 = %, we obtain

2q) Ml=@ = CeuAD g 6], g

< Clllgllza@) + llye™llra@u) + Cls1, M) ly (60, )l g2va(y)-
At this point we use the L? source estimates obtained for g under
conditions (A) or (B) to properly bound the term ||g||zq(g) from the

right-hand side and to get the desired L> source estimate (1.12), for
the nonlinear reaction diffusion system (1.4). n
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