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Abstract

One proves the H-theorem for mild solutions to a nondegenerate, non-
linear Fokker-Planck equation

us — AB(u) + div(D(z)b(u)u) =0, t >0, = € RY, (1)

and under appropriate hypotheses on 8, D and b the convergence in
LL (R%), L}(RY), respectively, for some t, — oo of the solution u(t,)
to an equilibrium state of the equation for a large set of nonnegative
initial data in L'. These results are new in the literature on nonlinear
Fokker-Planck equations arising in the mean field theory and are also
relevant to the theory of stochastic differential equations. As a matter
of fact, by the above convergence result, it follows that the solution
to the McKean—Vlasov stochastic differential equation corresponding
to (1), which is a nonlinear distorted Brownian motion, has this equi-

librium state as its unique invariant measure.
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1 Introduction

We shall study here the asymptotic behaviour of solutions v = u(t, x) to the
nonlinear Fokker-Planck equation

Uy — Aﬁ(“) + le(Db(u)U) =0in (O, OO) Rd,
u(0, 1) = up(z), v € RY, . (1.1)

under the following hypotheses on the functions 8 : R — R, D : R? — R?
and b: R — R, where 1 < d < oo.

(i) B € CYR), B(0)=0, y< B (r) <y, VreR, for 0 <y <y < oo.
(i) b € Cy(R) N CHR).
(iii) D € Cp(R%RY) N Wheo(RY; RY).
(iv) D = —=V®, where ® € CY(R?), & > 1, |m‘l§1_1>100<1>(x) = +o00 and there
exists m € [2,00) such that ®~™ € L'(R?),
A typical example is
() = C(1 + |2))*, » € R, (1.2)

with o € (0, %] )

If (i)—(iv) hold, we prove the existence of solutions given by a nonlinear
semigroup S(t), t > 0, of contractions in L!'(R?) (Theorem 4.1), which is
positivity and mass preserving. If, in addition to (i)—(iv), also (v) holds,
where

(v) b(r) >by>0forr >0,

we prove the convergence of the solutions to equilibrium in L} _(R?), while
(see Theorem 6.1) the convergence in L*(R?) is proved if, in addition to
(i)—(v), the following condition holds

(vi) MAD — b|VO[2 < 0.

Examples for ® satisfying (vi) are such that ® = const. (> 1) on a ball
of radius Ry around zero and ® behaves like ® in (1.2) outside a ball around
zero of radius Ry > R;, where Ry and R, are properly chosen depending on
~v1 and by.



Equation (1.1), where u is a probability density, is known in the litera-
ture as the nonlinear Fokker-Planck equation (NFPE) and it is relevant in
the kinetic theory of statistical mechanics as a generalized mean field Smolu-
chowski equation for the case where the diffusion and transport coefficients
depend on the density u. (See [13], [18]-[20] [26].) The case of the classi-
cal Smoluchowski equation is recovered for b = 1 and £(r) = r. In the case
where the first order part in (1.1) is given by a vector field independent of
the spatial variable z, the existence and uniqueness of a kinetic, respectively
generalized entropic, solution to (1.1) in L*(RY) was proved in [14]. In this
paper, we give an existence and uniqueness result for (1.1) in the sense of
mild solutions in L}(R?), i.e., given as a nonlinear semigroup S(t), ¢t > 0,
in L'(R?) (see Proposition 2.2). Its proof is different from that in [14] and,
though it has an intrinsic interest in itself, it is used subsequently to prove
our main result about convergence to equilibrium and existence of a unique
stationary solution to (1.1). In [6] (see, also, [4], [5]), a more general NFPE
of the form

d

up = Y D}y(ag(x, u)u) + div(b(z, w)u) = 0 (1.3)

ij=1

was studied under appropriate assumptions on a;; : RY x R — R and
b:R?x R — R? In the latter case, it is shown that, if ug is a probability
density, the distributional mild solution u to (1.3) is the probability density of
the law Lx ) of the (probabilistically) weak solution to the McKean—-Vlasov
stochastic differential equation (SDE)

dX (1) = b(X (), u(t, X (1)))dt + V2 (X (1), u(t, X(£)))dW (1),  (1.4)

where oot = 3 (a;;)¢,_; and X(0) has law ugdzx, where dz = the Lebesgue

measure on R%.
In the special case (1.1), SDE (1.4) reduces to

1 (But, X (1)) ?

dX(t) = D(X(t))b(u(t, X(t)))dt + 7 ( u(t, X1)) ) aw(t), (1.5)
which, since D = —V®, is a nonlinear analogue of the SDE for the classical
distorted Brownian motion, where $ = id and b = const. Hence, its solution
X(t), t > 0, can be considered as a nonlinear distorted Brownian motion.

One of our motivations is to apply our asymptotic results to find an
invariant (probability) measure for the nonlinear distorted Brownian motion
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on R%. So, Theorems 6.1 and 6.4 solve this problem and this is one of the
main contributions of this work. Condition (vi) requires a certain balance
between the strength of the (in general nonlinear) diffusion coefficient 4" and
the strength of the nonlinear drift coefficient b in terms of the ”potential” ®.
Without the additional condition (vi), there is in general no equilibrium on
LY(RY) for equation (1.1). Just consider the linear case 3 = id and D = 0,
so the case where (1.1) is the heat equation. Hence, as in the linear case, we
need a big enough "negative” drift. Condition (vi) is, however, not optimal,
because for the Fokker-Planck equation associated to the classical Ornstein-
Uhlenbeck process on R?, it does not hold, though the standard Gaussian
measure is its equilibrium measure.

We would like to mention here another special case of (1.1), namely with
B(u) =u™, m > 1, b= const. and D(x) = x, which is not covered by our
results, but was deeply analyzed in [12]. In this case, the equilibrium is given
through an explicit formula and the decay rate in L'-distance is calculated in
[12]. So, the approach is completely different from ours which is to prove the
so-called H-theorem (see below) to show convergence of solutions to a unique
equilibrium of (1.1) in L*(RY) as t — oo. A general result combining [12],
the linear case and ours including convergence rates is still to be proved and
will be subject to our future study. As explained in detail in [6, Section 2],
the nonlinear Fokker-Planck equation (1.1) is a (very singular) special case
(called " Nemytskii type”) of a general nonlinear Fokker-Planck-Kolmogorov
equation in the sense of Section 6.7(iii) in [8] and of [22], [23], where the
solutions are measure-valued and the coefficients depend on these solutions.
There is a number of papers where existence of and convergence to equilibria
are studied (see, e.g., [9] and [17] and the references therein). However, in
these papers the dependence of the coefficients on the measures is assumed to
be linear or Lipschitz continuous in weighted variation norm, which is never
fulfilled in our Nemytskii-type case. So, these results do not apply here.

The main objective of this work is to study the asymptotic behaviour
of a solution ¢ — w(t) for ¢ — oo and prove the so called H-theorem
for the NFPE (1.1), that is, prove the existence of a Lyapunov function
V. D(V) C LL.(R?) — R for (1.1) and prove, for a certain class of ug € L1,

loc
ug > 0, the w-limit set

w(up) = {w = lim u(t,) in L, (RY), {t,} — oo} (1.6)

n—oo

is nonempty. This is proved in Sections 4 and 5 and under assumptions
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(i)—(v). Moreover, if (vi) also holds, we shall prove in Section 6 that w(ug)
reduces to a single element u,, which is a stationary solution to (1.1). Fur-
thermore, u., is a probability density, if so is ug. As a consequence, us.dx
is an invariant measure for SDE (1.5), i.e., if ug = ., then the nonlinear
distorted Brownian motion X (t), t > 0, has the law usdzx, ¥t > 0.

The H-theorem amounts to saying that the function

V(u) = —S[u] + E[u], u € L*(RY), (1.7)

where S is the entropy of the system and E is the mean field energy, is a
Lyapunov function for (1.1), that is, monotonically decreasing in time on the
solutions to (1.1). In our case,

Sl = /R (u(e))dr, Bu) = / (x)u(x)dz, (1.8)

R4

n(r):—/OTdT : 51;8 ds, r > 0.

This form of the Lyapunov theorem comes from the classical H-theorem and
is consistent with the Boltzman thermodynamics (see, e.g., [13]-[19], [26]), in
which case ' = b = const., so S in (1.8) reduces to the classical Boltzmann-
Gibbs entropy.

In the literature on NFPE arising in the mean field theory, the H-theorem
is often invoked, but in most cases its proof is formal because, in general, the
NFPE (1.1) has not a classical solution and so the computation is not rigo-
rous. By our knowledge, this paper contains the first rigorous mathematical
result on the H-theorem for NFPE. In fact, here the basic functional space for
the well-posedness is L!(R?) and, in general, the space of the maximal spatial
regularity for u is the Sobolev space W14(R%), 1 < ¢ < d;f2’ (which happens
in the special case of the porous media equation b = 0, a;;(u)u = 6;;5(u)).
This low regularity precludes the classical argument involving regular Lya-
punov functions. However, the situation is different for linear FPE where,
in the last decades, many convergence results to equilibrium were obtained.
We refer to the monographs [2], [28] and, e.g., to [1], [24], as well as the
references therein.

Let us now explain the structure of the paper. The first part is con-
cerned with the well-posedness of NFPE (1.1) in L!'(R?) via the theory
of nonlinear semigroups of contractions in L!'(R?), i.e., the construction of
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such a semigroup S(t), t > 0, so that t — S(t)up a continuous function
u: [0,00) — L'(RY) given as the limit of the finite difference scheme associa-
ted with (1.1) (the so called mild solution). Moreover, u is obtained as the
limit in L!'(R?) of the smooth solutions {u.}.~¢ to an approximating equa-
tion associated with (1.1). The corresponding result given in Proposition 2.1
is not essentially new since, as mentioned earlier, a similar existence result
was previously established in [4], [5], [6], [14]. However, we have developed
here a semigroup approach to NFPE (1.1) necessary for the treatment of the
asymptotic behaviour of solutions. In fact, in the second part of the work
we shall prove under assumptions (i)—(v) the H-theorem for (1.1) (Theorem
4.1). The w-limit set is a singleton {u,} and the invariant measure of the
solution X (t), t > 0, of SDE (1.5) if, additionally, the balance (vi) holds
(Theorem 6.1). A main point to prove the latter is to show that S(t) is also
a contraction on the weighted L' space with the potential ® from condition
(iv) as its weight (see Lemma 6.2).

Finally, we prove that the equilibrium ., from Theorem 6.1 is indeed the
unique solution of the stationary version of (1.1) in the sense of distributions
(Theorem 6.4) and, as a consequence, that the stationary nonlinear distorted
Brownian motion is unique in law (Theorem 6.5).

Notation. For p € [1,00), LP(R?) — simply denoted LP, is the space of
all Lebesgue p-summable functions on R?. The norm in L? is denoted by
| - |- Similarly, if O is a Lebesgue measurable set, LP(O) is the space of all
p-summable functions on O. By LI (R?) we denote the space of Lebesgue
measurable functions v : R? — R which are in LP(O) for every bounded
measurable subset O C R, (L? _is endowed with a standard locally convex
metrizable topology.) The scalar product of L? is denoted by (-, -),. If O is an
open subset of RY, we denote by D'(O) the space of Schwartz distributions
on O and by W'?(O) the Sobolev space {u € L?(0), Du € L*(O) for
i =1,..d}, where D; = a%i is taken in the sense of Schwartz distributions.
We set also H*(O) = Wk2(0O), k € N. We denote the Euclidean norm of R?
by |-|4 or |-|, if there is no possible confusion, and by C,(R) and C,(R?, R?) the
spaces of continuous and bounded functions from R to itself and, respectively,
from R? to RY. By C*(R) we denote the space of continuously differentiable
real valued functions.



2 Existence of mild solutions for NFPE (1.1)

Consider in the space L' = L'(R?) the operator Ay : D(Ap) C L' — L',
defined by
Aou = —ApB(u) + div(Db(u)u), Yu € D(Ay),

(2.1)
D(4y) = {uelL'; —AB(u) + div(Db(u)u) € L'}.

Here, the differential operators A and div are taken in the sense of Schwartz
distributions, i.e., in D’(R%). Obviously, the operator (Ag, D(Ag)) is closed
on L.

By hypotheses (i)—(iii), we see that 8(u), Dub(u) € L', Yu € L', and so
—AB(u),div(Dub(u)) € D'(R?) for all u € L.

Proposition 2.1 Assume that hypotheses (i)—(iv) hold. Then,
R(I +\Ag) = L', VA >0, (2.2)

and there is an operator Jy : L' — L' such that

A A
Ju@ =dy [ u+ (1= ) T ), 0< A, A <oo, (2.3)
A2 A2
Jan(u) = (I +MAg)tu, Yue L', X >0, (2.4)
| In(u) — Jn(v)]1 < Ju—wvl, YA >0, u,v € L. (2.5)
Furthermore,
D(A) = L', (2.6)

where " denotes the closure in L' and A is the operator defined by for-
mula (2.9) below. Moreover, there exists A\g > 0 such that, for all X € (0, \o),

/ Ia(ug)dx :/ up(x)dz, Vuy € L, (2.7)
Rd R
I(ug) >0, a.e. in R ifug >0, a.e. in R (2.8)

The proof of Proposition 2.1 will be given in Section 3.
We note that Jy(L') = Jy(L'), VA > 0. We are lead to introduce the
operator A: D(A) C L' — L',

Au = Agu, Yu € D(A) = Jy(L"), ¥\ > 0. (2.9)
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By (2. ) (2.6), it follows that A is m-accretive in L*. This means (see, e.g.
[1], p. 97) that |u — v + A(Au — Av)|; > |u —v|1, Yu,v € D(A), A > 0, and
R(I +MA) = L', VA > 0 (equivalently, for some X\ > 0).

We note that

(I +XA)u = Jy(u), Yu € L', A > 0. (2.10)

Consider now the Cauchy problem associated with A, that is,

du
M Au=0,t>0,
a (2.11)

u(0) = up.

A continuous function u : [0, 00) — L' is said to be a mild solution to equation
(2.11) if
u(t) = lim uy(t) in L', Vt >0, (2.12)

h—0

uniformly on compacts of [0, 00), where u)) = ug, and
un(t) = i, t € [ih, (i + DR), i =0,1,..., (2.13)
ultt + hAuT =l i =0, .. (2.14)

Since A is m-accretive, we have by the Crandall & Liggett theorem (see, e.g.,
3], p. 141) the following existence result for problem (2.11).

Proposition 2.2 Under hypotheses (i)—(iv), there is a unique mild solution
u to equation (2.11). Moreover, for every ug € D(A) = L', one has, for all
>0,

n—oo

u(t) = lim (I+%A)nu0 (2.15)

uniformly on bounded intervals of [0,00) in the strong topology in L*. One
also has that

/ u(t,x)dx:/ up(z)dx, Yt >0, (2.16)
Rd Rd

u(t,z) >0, a.e. on (0,00) x R? if ug >0, a.e. in R™ (2.17)



The function u will be called the mild solution to NFPE (1.1).

In particular, it follows by (2.16), (2.17) that, for each ¢t > 0, u(t,-) is a
probability density if so is uqg.

We note that (2.16)—(2.17) follow by (2.7)-(2.8) and (2.15).

The map t — S(t)ug is a continuous semigroup of contractions on L',
that is,

S(t)up = u(t) = lim (1 4L A) o, VE > 0, (2.18)
n—o0 n

S(t+ s)ug = S(t)S(s)ug, Vt,s >0, ug € L', (2.19)

lim S(t)uo = o in L', (2.20)

|S(t)U0 — S(t)ﬂoh S |U0 — ﬁ0|1, \V/t Z 07 U(),I_L() € Ll. (221)

If
P = {uELl; u>0, / u(x)dle}, (2.22)
Rd
we see by (2.16)—(2.18) that
S(t)(P) C P, Wt > 0. (2.23)

Since, for every i and h the function u)™" € D(A) is a solution to (2.14)
in the sense of distributions, i.e. in the space D'(R?), it follows also that the
mild solution u to (2.11) is a solution to NFPE (1.1) in the sense of Schwartz
distributions on (0, 00) x R, that is,

/OOO/Rd(uSOt—i-B(U)Aw—I—Db(u)u-Vgp)dx dt =0, Yo € D((0,00) xRY), (2.24)

where D((0,00) x RY) is the space of infinitely differentiable functions on
(0,00) x R? with compact support.

It should be emphasized, however, that the solution v to NFPE (1.1)
exists and is unique in the class of mild solutions corresponding to the ope-
rator A and not in the space of Schwartz distributions on (0, 00) x R<.

We consider the following subspace of L!

M = {uELl;AdQ(x)|u(x)|dx<m}
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with the norm

|lu|| = /Rd O(x)|u(x)|dx, Yu € M. (2.25)

It turns out that the semigroup S(t) leaves invariant M. More precisely, we
prove in Section 3:

Proposition 2.3 Assume that (i)—(iv) hold. Then
1S @)uoll < fluoll + ptluol, Vuo € M, (2.26)
where p = (m + 1)| A8l + Ploo(1 +m)?| DI

Remark 2.4 Propositions 2.1-2.3 remain valid if, in addition to hypotheses
(i)-(iv), we assume, instead of (iv),

(iv)" Dy = sup |D(z) - z| < o0,
z€RY

but we have to replace M by

My = {u eL: / |z)?|u(z)|dx < oo}
]Rd
with the norm
fulla = [ 1o Fluta)ds
Rd

and we have to replace p in Proposition 2.3 by p := 2(dy1 + Dy|b|) (see
Remark 3.3 below). The assumption (iv), in particular that D is the nega-
tive of the gradient of a positive function, becomes, however, important for
Sections 4-6 below, i.e., to prove the H-Theorem.

3 Proof of Propositions 2.1 and 2.3

As mentioned earlier, one can derive Proposition 2.1 from similar results es-
tablished in [5], [6]. However, for later use we shall prove it by a constructive
regularization technique already developed in the above works. Namely, we
define, for each € > 0, the operator (Ag). : D((Ap).) C L' — L' defined by

(Ag)eu = —A(B(u)) + ef(u) + div(D.:bk(u)), (3.1)
D((Ao).) = {ue L', ~AQB(w) +eb(u) + div(Dbi(w) € L'}, (32)
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Here A and div are taken in the sense of Schwartz distributions and

. bo(r)r
b= b pe. B(r) = 1+(e)\r\’

r € R, (3.3)

where pe(r) =1 p (%), p € C°(R), p > 0, is a standard mollifier.
Moreover,
O(x)

De ==V, 0.(v) = a5

Then ®, € L?, since m > 2, and
D.=D(1+e®)™™ —me®D(1 4 d)~ ™) (3.4)
and, therefore, by (iv)

D. € Cy(RY) N Wh=(RY) N L!(R%; RY)
[Deloe < (14+m)|Dlec, lim De() = D(x), ¥z € R, (3.5)
E—r

™ D.| < (14+m)|D|e®™, Ve > 0.
We also note that 0}, b. are bounded and Lipschitz and that, for ¢ — 0,

bX(r) — b(r)r uniformly on compacts. (3.6)
Obviously, the operator ((Ag)., D((Ag))) is closed on L.

Lemma 3.1 Under hypotheses (1)—(iii), the operator (Ao). satisfies relations
(2.2)-(2.8). Assume further that (iv) holds. Then, there is Ay > 0 indepen-
dent of f € L' such that, for all X € (0, o),

lim(7 + MA)) M f=J\f in L', Vfe L (3.7)
As in the case of the operator A, we define
Acu = (Ag)eu, Yu € D(AL) = (I + (Ay)e) 'L . (3.8)

Then, Lemma 3.1 implies that A. is m-accretive in L' and (2.2)-(2.8) hold.
Moreover, by (3.7) it follows that, if (iv) holds, then

m (1 + MA) 7 f = Ju(f) in LY, Vf € LY, for A € (0, \o). (3.9)

e—0
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Proof of Lemma 3.1. For the m-accretivity, it should be proved that, for
all A > 0, € > 0, we have

R(I + MAp).) = L', (3.10)
(1 +AMAo)e) " i = (I +AA) ol < | fi = fol, (3.11)

for all fi, fo € L'. To this end, we fix first f € L?> N L! and consider the
equation u + AA.u = f, that is,

w— AA(B(u)) + eXB(u) + X div(D.b? (u)) = f in D'(RY). (3.12)
To solve equation (3.12), we consider the equation
(eI —=A) tu+AB(w) +A(el —A)Hdiv(D.bi(u)) = (eI —A) "' f in L?. (3.13)
Clearly, a solution of (3.13) satisfies (3.12) in L?. We set

F.(u) = (el —A)"tu, G(u) = \3(u), ue L?

, (3.14)
G.(u) = Mel —A)7(div(D.bz(u))), u € L?,

and note that F. and G are accretive and continuous in L?.
We also have by assumptions (ii)—(iii) that G. is continuous in L? and

| (6-t0) = Gutw)u - w)do
— X[ D.(b}(u) = b:(@)- V(eI — A) " (u—a))dz (3.15)

> —CMu — alo|V(el — A) " (u — )|, Yu,u € L*(RY),

for some C. > 0. Moreover, we have
/ (eI — A) luudzr = ¢|(el — A)ul3 + |V (el — A)'ul3, Yu € L*. (3.16)
R4

By (3.13)—(3.16), we see that, for u* = u — @, we have

(Fo(u*) + G-(u) — Ge(u) + G(u) — G(u),u")s
> M|ut]3 + [V (el = A) 7 ur |3 + el (el — A) w3
—CA\u*|o|V (el — A)~tu*|3.
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This implies that F.+G.+G is accretive and coercive on L? for A < )., where
e is sufficiently small. Since this operator is continuous and accretive, it
follows that it is m-accretive and, therefore, surjective (because it is coercive).
Hence, for each f € L?N L' and A < A, equation (3.13) has a unique solution
u. € L2

Since u. € L?, b:(r) < C.lr|, r € R, and D. € L™, by (3.12) we see that
B(u.) € HY(RY), whence by (i) we have

u. € H'(RY). (3.17)

Multiplying (3.12) by u. and B(u.), respectively, and integrating over R? we
get after some calculation that, for A < A\g with \g small enough,

|uel3 + AV B(ue) [3 + M Vuel3 + eX[B(us)3 < Cxolf5, (3.18)

where C), is independent of ¢.
We denote by u.(f) € H*(R?) the solution to (3.13) for f € L2 N L and
prove that

lu-(f1) — ue(fo) s < |fi = foli, Vi, fo € L' N L2 (3.19)

Here is the argument. We set u = u.(f1) — u:(f2), f = fi — f2- By (3.12),
we have, for u; = u.(f;), 1 =1,2,

u— AA(B(ur) — B(ug)) + eA(B(ur) — S(uz))

(3.20)
+Adiv(D. (b2 () — bi(ug))) = f in L2
Proceeding as in [6] (see, also, [15]), we consider the Lipschitzian function
X;:R— R,
for r > 4,

IS =

for |r| <9, (3.21)

—1 forr < =9,
where 6 > 0. We set

Fe = AV(B(ur) = B(ug)) = ADe(bZ(u1) — bZ(uz))
and rewrite (3.20) as

u=div F. — eX(B(uy) — B(u2)) + f. (3.22)
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By (3.17), it follows that F. € L?*(RY). We set Ay = X5(B(u1) — B(uz)).
Since As € HY(RY), it follows that Asdiv F. € L' and so, by (3.22),
we have

/ ulsdxr = —/ F. - VAsdr
Rd R4

A / (Blu) — Blus))Agde + | FAsde
R R (3.23)

== [ (P V() = Bua) % 3u) = Bua))da
—e /Rd(ﬁ(ul) — B(ug))Xs(B(u) — Buz))dx + » fAsdx.

We set
I} = g D.(b:(u1) — b:(ug)) - VAsdx
=/, De(bZ(u1) — bZ(us)) - V(B(u1) — B(ug)) X5(B(ur) — Blug))dr  (3.24)

1

- Db (1) = b (1)) - V() — )
13ur)~Bluz)|<5

Since |D.|g € L™ N L? and by assumption (i)

b2 (u1) — bZ(uz)| < Lip(b7)[ur — ua| < Lip(b7)[8(u1) — B(uz)l,
it follows that

lim / D, (b (uy) — b () - V(Blur) — Blug))|da
[1(B(u1)—B(u2 )|<5]

5—0 0

<~ Lip(d%)|D. |2hm (/”ﬁ( e IV (6(uy) — B(UQ))|2da:) _ 0.

This yields
lim I; = 0, (3.25)

6—0

because V(8(u1) — B(uz))(x) = 0, a.e. on [x € R% B(uy(x)) — B(ua(x))=0].
On the other hand, since X§ > 0, we have

V(B(ur) = Bluz)) - V(B(ur) = Bua)) X5(B(ua) — B(uz)) dx > 0. (3.26)

R4
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By (3.23)—(3.26), since |As| < 1, we get

lim [ uXs5(B(ur) — Bug))dr < /]Rd |f| dx

0—0 Rd

and, since uXs(B(uy) — f(uz)) > 0 and X5 — sign as § — 0, by Fatou’s
lemma this yields
luly < [fl1, (3.27)

as claimed.

Next, for f arbitrary in L', consider a sequence {f,} C L? such that
fn — f strongly in L'. Let {u”} C L' N L? be the corresponding solutions
to (3.13) for 0 < A < A.. We have, for all m,n € N,

u =+ M(Ag)er? — (Ag)etl™) = fo — (3.28)
Taking into account (3.27)), we obtain by the above equation that
lul —ul|ly < |fn— fml1, Yn,m e N.
Hence, for n — co, we have
u” — u.(f) in L',

Now, (3.28) implies that (Ag).u” — v in L. Since ((Ag), D((Ap).)) is closed
on L', we conclude that u.(f) € D((Ap).) and that

us(f) + AlAo)eus(f) = f, (3.29)
which proves (3.10) for A < A.. Moreover, by (3.27), we have
uc(f1) = ue(fo)lr < [fr = foli, Vi fo€ LY, (3.30)

which proves (3.11) for A < A.. By Proposition 3.3 in [3], p. 99, it follows
that
R(1+ X(Ap).) = L', VA >0,

and, therefore, (3.10)-(3.11) hold for all A > 0 if f € L'. We also have

/Rd(] + A(Ao)e) " f da = /Rd fo=ex | BT+ MA)) " fde, g4
Vfe LY, A>0,

15



and there exists \o independent of e such that, for all A € (0, XO),
(I 4+ XA).)"'f >0, ae. in RYif f >0, a.e. in R% (3.32)

(The latter follows by multiplying (3.12), where v = wu., with sign u_ and
integrating over R%.)

Next, we show (3.7). Fix A < A\g = min()\, \g) and let f € L' N L2 If
u. = u.(f), by (3.18), it follows that {u.} is bounded in H*(R?) and {B(u.)}
is bounded in H*(R?). Clearly, u.(f) = 0 if f =0, hence (3.30) implies that
{u.} is bounded in L'. Hence, along a subsequence, again denoted {} — 0,
we have

U — U weakly in H'(R?), strongly in L2 (R?),
B(us) — B(u)  weakly in H*(RY) and strongly in L (R?), (3.33)
AB(u.) — AB(u) weakly in H1(RY),

and, by hypotheses (ii) and (3.6),

b:(u.) — b(u)u strongly in L2 _(R?). (3.34)
This yields
D.b*(uz) — Db(u)u strongly in L2 _(R?). (3.35)
Passing to the limit in (3.12), we obtain
u — AAB(u) + A div(Db(u)u) = f in D'(R?), (3.36)

where u = u(\, f) € HY(R?). By (3.30) and (3.33), it follows via Fatou’s
lemma that

[u(A, f1) = u(X, f2)ls < |fo = falu, Vi, fa € L2N LY, (3.37)
and hence (since u(\, f) = 0 if f = 0) ur (A, f),us(N, f) € L' N L% if f €
L'N L2

In particular, u(X, f) € D(Ap) and

and so (2.2) follows. We define Jy : L' — L' as Jy\(f) = u(\, f) and by
(3.30), it follows (2.5). Clearly, by (3.33),

ue — uin L} (3.39)

loc»

for 0 < A\ < Ag. To prove that (3.39) in fact holds in L', we shall prove first
the following lemma, which has an intrinsic interest.
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Lemma 3.2 Assume that hypotheses (i)—(iv) hold and let ug € M. Then, for
all X € (0, o),

I(Z + A(Ao)e) ™Mol < fluoll + peAluols, (3.40)
where pe = y1(m + 1)|A®|o + yim(m + 3)e[ DI, + [bloo (1 +m)?| D3
Proof. Let ug € M. If we multiply equation (3.29) by ¢, X5(S(u.)), where

= (I + MAp)e) tug, v, (x) = ®.(7) exp(—vP.(z)) and integrate over RY,
we get, since X§ > 0,

[ ts(Bu)ondo < < [ VB(u) - V(As(5u)p.)ds
—|—)\/ Dbz (u.) Xg(ﬁ(ug))go,, clx—i—/ |ug|pydz
A [ V300 Vi, As(Bc) s (341

A / DLb(w) - V()X B puda

+A? (De - Vi )bz (ue) Xs (B(ue))dx + | |uoleyde.
Rd R4
Letting 0 — 0, we get as above

/ e |ouda < —)\/ VI8(u)| - Vipyda
Rd

6—0

T / D) 1 () [V (e g
0 2)<s]

(3.42)
+)\/ sign u:b:(uz)De - Vo, dx +/ [uol e, dx
R4 Rd
<2 [ (8lag, + 18] (90, - Voot [ Julp.dz,
R4 RA
since D, = —V®,.. We have
Vo, (r) = (VO —vd.VI,)exp(—vd,), (3.43)

Ap, () = (AD, —v|VD.|* — v AD, + 12D |V, |? (3.44)
—v|VO_|?) exp(—v®,).
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Then, letting v — 0, we get by (3.42) that
lue|| < luoll + A1 |AP:|so|uolr, Ve > 0.
On the other hand,

AP, = —div D, = (1 —me®(1 +&®)71)(1 + @) ™AD

(3.45)
+me((m + 1ed®(1 4 @)™ — 2)(1 + @)=+ | DJ2.

Therefore,
IAD, | < (m+ 1)|A®|o +m(m + 3)e|D|%,

and this, together with (3.5), yields (3.40), as claimed.

Remark 3.3 If, as in Remark 2.4, we replace (iv), M, | - || and p by (iv)’
(see Remark 2.4); M, || - ||2 and p, respectively, we can prove a complete
analogue of Lemma 3.2 by the same arguments. One only has to replace ¢,
by the function @,(z) = |z|?¢7*” in the above proof. Once one has this
analogue of Lemma 3.2, the proofs below can easily be adjusted to this case.

Proof of (3.7). By (3.40) and hypothesis (iv), it follows that, if f € M,
then we have, for all A € (0, \¢) and ¢ € (0,1), N > 0,

/ (1 A(Ao)) e < (T + A Al < — (171l + piAlf ).
{®>N} N N

Recalling (3.39) and that {®& < N} is compact, the latter implies that, if
feMnL? then

lim |u. — uly =0,
e—0
ie.,
lim (1 + MA)) M =T+ AXAy) ' fin L', Vf e MN L~ (3.46)
E—
Since L?N M is dense in L' and (I + A A.)™!, € > 0, are equicontinuous, (3.7)
follows.
Proof of Proposition 2.1 (continued). Fix A\ € (0, \g) and let f € L'.

Let {f.} € L>*N L' be such that f, — f in L'. If u, € HY(RY) is the
corresponding solution to (3.38), by (3.37) we have

|un _um|1 S |fn - fm|1a vm>n € N7
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and, therefore, u,, — u strongly in L' as n — oo. Since, by (3.38), Agu,, —
1 (f — u) and because Ay is closed in L', we infer that u is a solution to
(3.38). Hence, for A € (0, \g), R(I+XAp) = L', and, by (3.37), formula (2.5)
follows.

Again by Proposition 3.3. in [3], p. 99, (2.2) and (2.5) follow for all A > 0.

Proof of (2.6). Let Y be the L'-closure of Y = {u € D(Ay) N H' N L*;
AB(u) € L*}. Then (2.7) follows from the following two claims:

Claim 1. Y = L'. Tt suffices to prove that C5°(R?) is contained in Y. We fix
f € C5°(RY) and consider the equation

u, —eAB(u) = f in D'(RY), (3.47)

which, as seen earlier, has for each ¢ > 0 a unique solution u, € H*(R?) with
B(u.) € H?(RY), satisfying

el + 18 i + | ABue)[5 < Clf [l

where C' is independent of e. This implies that u. — f in L_ase — 0
(along a subsequence). Since, as it can be seen from the proof of (3.40) in
Lemma 3.2,

Juell < C([fI] +f]1), Ve >0,

it follows that u. — f in L' as ¢ — 0. On the other hand, by (3.47), we
see that |uc|so < |f|oo. (This follows in a standard way by multiplying (3.47)
with sign(u. — |f|e)® and sign(u. + |f|s)~, respectively, and integrating
over R%) Hence u. € L*°. Let us prove that Vu. € (L')%.

We set v. = [(u.) and rewrite (3.47) as

7 (v.) — eAv. = f in D'(RY).

If w;, = gf, we get

(B~ (v )w; — eAw; = ==, i=1,...,d.

Ers
If multiply by sign w; and integrate over R?, we get

) of
1y/ d
/Rdw Y (0. xs/Rd il

19
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Since (871 (v.) > %, we get w; € L' as claimed.
Now, we see that

Ague = —AB(u.) + div(Db(u.)u.) € L*, Ve > 0,
because —AS(u.) = e (f —u.) € L' N L™ and
div(Db(u.)u.) = (div D)b(u.)u. + (D - Vu.)(V (us)u. + b(u.)) € LY,

because u. € H'(RY) N L>* N WHYRY) and while, by hypotheses (ii)—(iii),
divD € L>, D € L*(R*,R?) and b € C, N C*. This means that u. € Y.
Hence, C§° C Y, as claimed.

Claim 2. Y C D(A). We first note that (as is easy to see), for small enough
A > 0, the map I + AAg : D(Ag) N H' — L' is injective.
Now, let u € Y, then

f={+MyueL'nL
Hence, by construction, u € D(A4y) N H!. Thus,
(I +Mo)u=f = (I+ )T+ Ap)'f
and, by the mentioned injectivity, this implies u = Jy(f).
We note that by the same arguments it follows that
D(A.) = L. (3.48)

Note that (2.7) is immediate by (3.7), because by (3.12) we see that

/ ugdx:/ fdx, Ve > 0.
R R

Finally, if f > 0, then we have u. > 0 in R%. Indeed, if we multiply (3.12)
by Xs(uZ) and integrate on R?, we get

/ u_dr <0
Rd

1
lim = [ Xj(u-)Vu. - Db(ue)u.dx = 0.
d—0 5 Rd

because, as seen earlier,
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This completes the proof of Proposition 2.1.

Proof of Proposition 2.3. By Lemma 3.1 and (3.40) in Lemma 3.2, we
have, for A € (0, \g), and 6 > 0,

1T + AA) o) < Jluoll + pAluoly, Yuo € M.

This yields
17+ AA) ol < [uoll + nAplucly, Vn €N,

and so, by (2.15), we get
1S @)uoll < [luoll + ptluols, VE =0, ug € M, (3.49)

as claimed.

4 The H-theorem

Let S(t) be the continuous semigroup of contractions defined by (2.18). A
(4.11)semicontinuous function V' : L' — (—oo, 00| is said to be a Lyapunov
function for S(t) (equivalently, for equations (1.1) or (2.11)) if

V(S(t)ug) < V(S(s)ug), for 0 < s <t < oo, ug € L.

(See, e.g., [16] and [21].)
In the following, we shall restrict the semigroup to the probability density
set P (see (2.22)). For each ug € P, consider the w-limit set

w(up) = {w = lim S(t,,)ug in L., for some {t,} — oo}.

Our aim here is to construct a Lyapunov function for S(¢), to prove that
w(up) # 0 and also that every us, € w(ug) is an equilibrium state of equation
(1.1), that is, Aus = 0. To this end, we shall assume that, besides (i)—(iv),
hypothesis (v) also holds.

Consider the function n € C(R),

n(r) = —/OT dr fbg ds, r >0, (4.1)

and define the function V : D(V) = {u € M; u >0, a.e. on R} — R by

T

V(u) = /Rd n(u(zx))dz +/ O(z)u(x)dr = —S[u] + Elul. (4.2)

Rd
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Since, by (i), (iv) and (v),

Y ﬁ’(r) 71
< < —=— VYr>0 4.3
rblee — TO(r) ~ 1bo’ r=5 (4.3)

we have

% Loy (r)rlogr —1) + # L(1,00)(r)r(logr — 1) < n(r)
s h (4.4)

< W 1io1)(r)r(logr — 1) + n

! 14 0)(r)r(logr — 1).
bo
We also have that n € C([0,00)),n € C%*((0,00)),n” > 0. Since @ is Lipschitz,
hence of at most linear growth, E[u] is well-defined and finite if v € M.
Furthermore, exactly as in [21], p. 16, one proves that (ulnw)~ € L' if
u € D(V'). Hence S[u] is well-defined and —Su] € (—o0, o] because of (4.4)
and thus V(u) € (—oo, o0] for all u € D(V'). We define V = oo on L'\ D(V).
Then, obviously, V : L' — (—o0, o] is convex and Lj. -lower semicontinuous
on balls in M, as easily follows by (4.4) from (4.5) below. If, in addition,
(ulnu)™ € L, then, again by (4.4), we have that S[u] € (—o0,o0) and also
V is real-valued. The function (see (1.8))

Slu| = — /Rd n(u(x))de, u e P,

is called in the literature (see, e.g., [18], [26]) the entropy of the system, while
E[u] is the mean field energy.

In fact, according to the general theory of thermostatics (see [19]), the
functional S = S[u| is a generalized entropy because its kernel —7 is a strictly
concave continuous functions on (0, 00) and 13&)1 n'(r) = +oo. In the special

case f(s) = s and b(s) = 1, n(r) = r(logr — 1) and so Su] — 1 reduces to
the classical Boltzman-Gibbs entropy.

As in [21] (formula (15), one proves that, for o € [
in assumption (iv),

-«
/ | min(ulogu,0)|dz < C, (/ @mdx> |||, (4.5)
{®>R} {@=>R}

for all R > 0. Indeed, obviously, for every a € (0, 1), there exists C,, € (0, c0)
such that

m

) 1), where m is as

(rlogr)” < Cyr® for r € [0, 00).
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Hence, the left hand side of (4.5) by Hélder’s inequality is dominated by

« 11—«
C, ( / ucbd:c> ( / cb—l“adx) .
{®>R} {®>R}

Therefore, for a € [miﬂ, 1), we obtain (4.5) since ® > 1. Inequality (4.5)
yields

V(u) > =C(|lu]| +1)*, Yu € D(V). (4.6)
We also consider the function ¥ : D(¥) C L' — [0, 00) defined by

2

U(u) = /Rd % — Dy/ub(u)| dx, (4.7)
D(W) = {ue L'nW:IRY; u>0, ¥(u) < oo} (4.8)

We extend W to all of L' by ¥(u) = oo if u € L' \ D(¥). Since Vu = 0, a.e.
on {u = 0}, we set here and below

V_\/g =0 on {u=0}.
Theorem 4.1 is the main result and, as mentioned earlier, can be viewed as
the H-theorem for NFPE (1.1).

Theorem 4.1 Assume that hypotheses (i)—(v) hold. Then the function V
defined by (4.1) is a Lyapunov function for S(t), that is, for Do(V') = D(V)N
{V < oo},

S(t)ug € Do(V), YVt > 0,up € Do(V) and

(4.9)
V(S(t)UO) < V(S(S)Uo), Yug € Do(v>,0 <s<t<oo.

Moreover, we have, for all uy € Do(V),
t
V(S(t)ug) +/ U(S(o)ug)do < V(S(s)ug) for0 < s <t <oo. (4.10)
In particular, S(o)ug € D(V) for a.e. o > 0. Furthermore, there exists

Uso € W(ug) (see (1.6)) such that us € D(V), ¥(uy) = 0. Furthermore, for
any such a us we have either us = 0 or us > 0 a.e., and in the latter case,

Uoo = g (=D + p1) for some pn € R, (4.11)
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where

g(r) = /; i/((;)) ds, r > 0. (4.12)

Moreover, by (4.2), (4.10), we see that the entropy of the semiflow u(t) =
S(t)ug is evolving according to the law

S[u(t)] > S[u(s)] + / B (x) (ult,z) — uls,z))ds + / ¥(u(o))do,

Rd
forall0 < s <t < 0.

5 Proof of Theorem 4.1

In the following, we approximate V : L' — (—o0,00] by the functional V.
defined by

Vilw) = [ (ule)) + B-(o)u(o)de, Yu € D(V),
Vo(u) =00 ifue L'\ D(V),

where n.(r) = — [, dr fl B ds r >0, e> 0. Clearly, 5. — nase — 0

T bi(s)+e2m
locally uniformly. We note g;flat V. is convex, and L{. -lower semicontinuous
on every ball in M. Furthermore, there exists C' > 0 such that, for all
e € (0,1], we have |n.(u)| < C(1+|ul?). This implies that V. < oo on L? and
Vo(u) = V(u) as e — 0 for all w € D(V) N L? and by the generalized Fatou
lemma that V. is lower semicontinuous on L?. We set

V/(u) = nl(v) + ®., Yu € D(V)N L.

It is easy to check that V/(u) € V.(u) for all u € D(V)NL?, where OV is the
subdifferential of V. on L?. As regards the function ¥ defined by (4.7)-(4.8),
we have

Lemma 5.1 We have
D(W)={uec L' u>0, vuec W 3R%}, (5.1)
[Vallwrzqgey < CW(u) + 1), Vu € DY), (5.2)

where C' € (0,00) is independent of u. Furthermore, ¥ is Li .-lower semi-
continuous on L'-balls.
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Proof. By (4.7), taking into account (i), (ii), we have

2 a2 2
o [ [T ¢ [ WP,
Rd U R ub(w)

(5.3)

<2V (u) +2[ |D|*ub(u)dr < oo, Yu € D(W¥).
R4

This yields (5.1) and (5.2) since V(y/u) = 3 3—% and (v) holds. To show the

lower semicontinuity of W, we rewrite it as

U(u) = /]Rd IVj(u) — D\/ub(u)|3dz, u € D(¥), (5.4)

where

' B r ﬂ’(s)
j(r) - /0 \/m dS, r Z O (55)
Clearly,

0 () < L VF (5.6)

Let {u,} C L' and v > 0 be such that sup |u,|; < oo and

U(u,) <v< oo, Vn, (5.7)

1
loc

Vunb(,) — v/ub(u) in L2
and so, by hypothesis (iii), we have

Dy/unb(uy,) — Dy/ub(u) in LE (R RY). (5.9)

Hence (5.7) implies that (selecting a subsequence if necessary) for all balls
By of radius N € N around zero we have

U, — win L as n — oo. (5.8)

(5.8) yields

sup/ |Vj(u,)|?dr < oo
By

n

and
j(u,) = h(u) in L?

loc @S M — 00.
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Therefore (again selecting a subsequence, if necessary), for every N € N,
Vj(un) — Vj(u) weakly in L*(By,dx) as n — oo.

Hence, if we define Uy analogously to ¥, but with the integral over R?
replaced by an integral over By, we conclude that

liminf ¥y (u,) > lim inf/ IV (un)|3dz — 2 Vj(u) - Dy/ub(u)dx
By

—i—/ |DZub(u)dz > Uy (u).
By

Hence, since u € L, we can let N — oo to get

liminf W(u,) > ¥(u).

n—o0

Now, we consider the functional

2

B'(u)Vu I

bz (u) + e2m

Loom /R .. (M _ Dg) iz (5.10)

bz (u) +e2m

— DA/bt(u) 4 2™

+€/ B(u)(nL(u) + ®.)dx, Yu € D(V,) = D(V)N H*,
Rd
and
. (u) =00 ifuec D(V)\ H'.
We have

Lemma 5.2 For each e > 0, U, is Li._-lower semicontinuous on every ball

in M. Moreover, for any sequence {v.} C D(V) N H' such that

sup ||ve|| < oo, limv, = v in Li,
>0 e—0

we have
limiglf U, (v:) > U(v). (5.11)
E—r

Furthermore, there exists ¢ € (0,00) such that, for allu € D(V), € € (0,1],

U, (u) > —c(|u| + |Jul| + 1). (5.12)
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Proof. We write
V. (u) = Vi(u) + Go(u),

where )

B'(u)Vu
br(u) 4 2m

B (u) Vu
2m D.-|—————D.|d
i /R (b:(u) +eom o

Golu) = ¢ / () () + @)

We have, since n_(7) > 2t (log 7 — (1 — 7)) for 7 € (0, 1],

— D /bt (u) + ™| dx

2
Ge(ve) > 571/ veni(ve)da > € l/ (v:logv. — ev,.)dx
{Usfl}

{ve<1} 0

2 11—«
> e 1L [Ca (/ <I>mda:> [[oe | +6/ ve® dx (5.13)
bo R R4

+/ ((velogv.)™ + €)dx
(o<1}

Y

where we used (4.5). Hence

lim inf G (v.) > 0.

e—0

Now, arguing as in the proof of Lemma 5.1, we represent U* as (see (5.3))

/
W () = / V77 ()~ Do/ () + €27 [2da+e2 / o GEAC LR PH
R4 Rd bx(u) + e2m
where u € D(V)N H' and
ey = [ s
: o /br(s) 4 e2m
We may assume that U*(v.) < v < oo, Ve > 0. Then, as in (5.3), we see that
/ 2 2
el o <2 (wetw) + [ 1Pz + 227
R4

ra UE(ve) +e2m
2m ‘D€|B/(U€>|VUE|
ra  DX(ve) + £2m

(5.14)

+2¢
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Taking into account that

m [ DA,
ra b (ve) 4 g2m

|5/(U6)|2|VU6|2 54m/ |D€|2
< = d d 5.15
= /R b(v5)+52m T by 4 (5.15)

/ 2 2m
bt D(v,) + e2m 2

and that liH(l] v. = v in L' by our assumption, it follows by (3.5) and (5.14)
E—
that, for some C' > 0 independent of ¢,

|V, |?
/Rdwdl'§07 \V/5>O,

and so {Vj*(v.)} is bounded in L?. Then, arguing as in Lemma 5.1 (see
(5.8)—(5.9)), we get for e — 0

D/b(ve) + €2 — Dy/b(u)u in L*(R%RY),

and, therefore,

liminf ¥ (v.) > liminf X (v.) > ¥(v),

e—0 e—0

as claimed. By a similar (even easier) argument, one proves that . is L] -
lower semicontinuous on balls in M. The last part of the assertion is an
immediate consequence of (5.13) and (5.15), which holds for all u € D(V') N
H?' replacing v.. Hence, the lemma is proved.

We denote by S.(t) the continuous semigroup of contractions on L' ge-
nerated by the m-accretive operator A, defined by (3.1)—(3.2), that is,

S:(t)up = lim (I + t Aa) ug, Vt >0, ug € L. (5.16)
n

n—oo

We note that by (3.7) it follows, by virtue of the Trotter-Kato theorem for
nonlinear semigroups of contractions, that (see [11] and [3], p. 169)

lim Sg(t)lbo = S(t)uo, VUO < Ll, (517)

e—0

strongly in L! uniformly on compact time intervals.
We shall prove first (4.10) for S.(¢). Namely, one has
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Lemma 5.3 For each ug € L*ND(V), we have S:(c)ug € D(V.) for ds-a.e.
o >0, and

Vo (S (t)ug) + /t U (Sc(0)ug)do < V(So(s)ug), 0 <s<t<oo, (5.18)

and all three terms are finite.
Proof. First, we shall prove that, for all £ > 0,

V(I + MNA) tug) + AU ((1 4+ AA) Mug) < Vi(ug), A€ (0,0).  (5.19)
We set u2 = (I + AA.)"*up and note that, by (3.17)—(3.18), we have

u} € HY(RY), B(u}) € H'(RY), VA € (0, )), € >0, (5.20)
and
V() = nl(ul) + ®. € OVi(u?), (5.21)
where
nl(u}) € H'(RY). (5.22)

Taking into account that, by Lemma 3.2,
1
div(VB(ud) — D.b*(ul)) = X (u} — up) + eB(ud) € M, (5.23)
it follows, since ®, € L2,

/R (~AB() + div Db (). di = - /R (VB) ~ D)) - D d.
This yields, by (5.21),
(), VI6)),
= (—A(B(ud)) + eB(ud) + div(Dbz(ud)), n(ud) + c),

_ 1A A DY 5’(“2\)
- [ ave - pad - (o
+e (Bul), nt(ul) + ),
. BI(U?)VUQ - TImY 2m
B /]Rd br(u) + e2m Devbi(uz) +e
+52m/ (D .M_D)dx
Re \ )

bz + 2m
=W (u2), Ve >0, A e (0,X).

Vul — D5> dz

2
dr + e (B(uz),nl(u?) + ),
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This yields (5.19) because, by the convexity of V., we have by (5.21)

Vo) < Vo) + (V) ud — ),y ud — g = ~AA(u),

To get (5.18), we shall proceed as in the proof of Theorem 3.4 in [25]. Namely,
we set

AN, 0) = Vo((I+ MA) ) + AU (T + MA) o) — Vi(v),
VA € (0,)), ve L*ND(V),

and note that, by (5.19), §(\, ug) <0, A € (0, Ag). This yields

Vo((1 + ML) o) + AW (1 + ML) ug) — V(1 + AA) 7 Hug)
= MO, (I + AA:) 7 ug), Vj €N,

Then, summing up from j =1 to 7 = n and taking A = %, we get

t \" "t t o\’
VE<(I+—AE) u0>+Z—\IJE(<I+—AE) u0>
n = n n

| (5.24)
Sttt Y
= V. Sol o (14 A .
(uo) + ; - - ( + - ) Ug
Note also that, if n > ;—O, then
t t N\’ .
) e [+EAE ug | <0, 1<75<n. (5.25)

We consider the step function

fn<0-> = \Ils ((I‘f“% Ag)j Uo) for (] — 1)t < 0o S ﬁ,

n n

and note that, for each t > 0,
n t t -J t
Z — U, <I + —AE) Ug :/ fn(o)do.
=1 n n 0
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Then, by (3.40), (5.16) and the L{ -lower semicontinuity of ¥, on balls in
M, we conclude, by the Fatou lemma, which is applicable because of (5.12),

that

n—00

—00 </O V. (S(o)uo) da<hm1nf/ fnlo (5.26)

while, by the L] -lower semicontinuity of V. on balls in M, we have

lim inf V. ((1 4L AE) uo) > VL(S. (t)uo).
n

n—oo

Then, by (5.24)—(5.26), we get
t
V(S (t)uop) +/ U, (S:(0)ug)do < Vi(ug), YVt > 0.
0

In particular, V-(S.(t)ug) < oo since V.(up) < oo. Taking this into account
and that S.(t 4 s)ug = S:(t)S:(s)ug, we get (5.18), as claimed.

Proof of Theorem 4.1 (continued). We shall assume first ug € L? N Dy(V).
We want to let ¢ — 0 in (5.18), where s = 0.
We note first that we have

lim inf V(S (£)uo) > V(S(t)uo), vt > 0. (5.27)
E—r

Here is the argument.

First, we note that, if v. — v in L' as ¢ — 0 and sup ||v:|| < oo, then
e>0

ve(logv.)™ — wv(logv)™ in L{_ as ¢ — 0. Furthermore, for § > 0, and

loc
a € [m";—gjl, 1), by (4.5),

1 -«
v:(logv.) dx < C, (/ @_mdm) ve |,
/{<I>2R} ( ) Re(1=e) il

lim sup/ ve(logv.)"dx = 0,
R—o0 >0 {q)ZR}

therefore, v.(logv.)™ — v(logv)™ in L'. Applying this to v. = S-(¢)ug, which
by (5.17), (3.40) and (5.16) is justified, and because . — 1 as ¢ — 0 locally
uniformly on [0, c0) and, because for all € € (0, 1], r € [0, 00),

ne(r) > _% (r A)(log(r A1)™ —2(r A 1)),

0

hence
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we can apply the generalized Fatou lemma to conclude that

lim in / (S0 = [ (St

E—OQ R4

and we get (5.27), as claimed.
By Lemma 5.3, (3.40) and (5.16), we have that v. = S.(t)up, € > 0,
satisfy for dt-a.e. t > 0 the assumptions of Lemma 5.2, hence

lim W (S (t)ug) > W(S(t)ug), a.e. t> 0.

e—0

Moreover, by Fatou’s lemma, which is applicable by (5.12), it follows that

lim inf /O (8. ()ug)ds > /O W(S(s)uo)ds, V0. (528)

e—0

Because, as mentioned earlier, V.(u) — V(u) as ¢ — 0, if w € D(V) N L?,
(5.27), (5.28) and (5.18) with s = 0 imply

V(S(t)u) + /0 t U(S(0)u)do < V(ug), Yuo € D(V) N L2 t>0. (5.29)

We note that, by (2.26) and (4.6), we have
V(S(tuo) = =C(ISE)uoll + 1)

. (5.30)
> —C([luoll + tluoh)*, € [45.1).
Hence .
0< / U (S(0)ug)do < 0o, Vt >0,
0
which implies that
S(o)ug € D(V) a.e. o> 0. (5.31)

Now, to extend (5.29) to all ug € Do(V), take uj € D(V) N L*(C Dy(V))
with uf < wup and uf — ug as n — oo in L'. Then, because for all r > 0

n(r) > —% [(r A1)(log(r A1)™ + (r A 1))} ,

0
arguing as above (using again (4.5)), we conclude the monotone convergence
applies to get

lim V(ug) = V(up)

n—o0
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and the generalized Fatou lemma applies to get eventually (5.29) and (5.31)
for all ug € Dy(V). Since S(t)uy € Do(V), if ug € Do(V), the first part
including (4.10) follows.
To prove (4.11), we note that since a < 1, by (4.10) and (5.30), we have
1 [t
0 = lim- [ V(S(o)up)do
t—oo ¢ 0

t

> lim ! inf W(S(r)ug)do

t—00 n r>n
= iI>1f U(S(r)) for all n € N.

Hence, there exists ¢, — oo such that

lim W(S(t,)uo) = 0. (5.32)

n—o0

Furthermore, we obtain by Lemma 5.1 that

1 t
sup |:S(t)upl1 + lim sup —/ IV (\/S(s)up)|3ds < oo.
t>0 tsoo T 0
Hence, there exist t,, — oo such that
sup ||/ S(tn)uo|lwr2rey < 00. (5.33)

So, by the Rellich-Kondrachov theorem (see, e.g., [11], p. 284), the set
{S(t,)up | n € N}
is relatively compact in L] .. Hence, along a subsequence {t,/} — oo, we have

lim S(t, )ug = Uee in L (5.34)

loc

for some u,, € L. Since ¥ is L{ -lower semicontinuous on L'-balls by Lemma
5.1, this together with (5.32) implies that u., € D(¥) and ¥(uy) = 0.
If us € D(V), such that ¥(uy) = 0, then
B (too) Vs

= Dv/tuoob(usy), a.e. in R (5.35)
Usob(Uoo)
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Let us prove now that either u. = 0 or u = uy > 0, a.e. in R?%. To this end,
we consider the solution y = y(¢, ) to the system

yi(t) = Di(yi(1), t >0, i =1,...,d,

where D; € CY(R), i = 1,....,d, is an arbitrary vector field on R, and y(t) =
{y()},, v = {x;}L . If j is defined by (5.5), we have

iyt ) = Julwly(t,2) Vuly(t,2)) -5/ (1)
B (uly(t, 2))

= Vu x))-D T ’v > (),
@t « )Pl 0), 2 0

where D(y) = (D;(y)):; with D;;(y) = 0;;D,(y). Then, by (5.35), it follows
that

%j (u(y(t, z))) = Z Di(y: (1)) i (uy(t, )i (1) (u(y (t, 2))b(u(y(t, ))))?

We note that
CQ](T)S rb(r)SC’lj( ) VT>0

where C,Cy > 0. This yields

jﬂ (t,2)) = - Z (s (D) Di(uly(t, 2))j (uly(t, 7)), vt > 0.

Hence

j(uly(t, x))) = Cj(u(z)),Vt > 0, z € RY,
and, therefore,
jlu(z)) > Cj(u(e P'x)), Vt >0, z € RY,

where P! is the flow generated by D. Since D is an arbitrary vector field on

R, it follows that, for fixed x and ¢, {e~ P!z} covers all R%. We infer that, if
u # 0, then j(u(x)) > 0, Vo € R, and this implies that u = uy > 0, a.e. on
R?. For such a u,, this yields, because ¥(us) = 0,

V(g(us) + ®) =0, a.e. in R?, (5.36)

34



where " 3(s)

s

g(T’) - . Sb(S)

By (5.36), we see that g(us) + ® = p for some p € R, in R? and, since g is
strictly monotone, we have

ds, Vr > 0.

Uoo(2) = g7 (=D (x) + ), x € R (5.37)

6 The asymptotic behaviour in L!

We assume here that, besides (i)—(v), condition (vi) also holds.

Theorem 6.1 Assume that hypotheses (1)—(vi) hold and let ug € Do(V)\{0}.
Set
w(ug) = { lim S(t,)uo in L', {t,} — oo}

n—oo
Then

(o) = B(uo) = {uac}, 6.1)
and Us >0, a.e. Furthermore, us € Do(V)ND(V), ¥(us) = 0, S () too = Uso
fort >0, |us|1 = |ugli, and it is given by

Uoo(z) = g (=@ (2) + 1), Yo € RY, (6.2)

where p is the unique number in R such that

/Rd g H(=®(x) + p)dx :/ ug d, (6.3)

Rd

and " 3(s)
s

g<r) - . Sb(S)

In particular, for all ug € Do(V) with the same L*-norm, the sets in (6.1)

coincide, and thus us s the only element in Do(V') such that S(t)uc = Us
for allt > 0.

ds, r > 0.

Proof. Let us first prove the following version of Proposition 2.3.

Lemma 6.2 Under hypotheses (1)—(vi), we have, for all ug € M, ug > 0,
a.e. in RY,

1S @)uoll < luoll, vt = 0. (6.4)
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Proof. We note first that we have
1+ A4) o] < lluoll, VA € (0, M), (6.5)

Indeed, arguing as in the proof of Lemma 3.2 and taking into account that
us > 0, we get by (3.41)—(3.44),

/ U dr < )\/ (0 (ue) VP, - (v®. VP, — VOP,)
R

Rd

+0(u) (AP, — v AP, + 12D |V |?) exp(—vP.))dr  (6.6)

+/ Upp, dx,
]Rd

which, for v — 0, because both A®, and V&, are bounded, yields
H%HSH%H+AA;WWJAQ~WX%NVQVM%

Since 0 < B(u:) < yiue, 0 < b5 (u.) < |blooue and v, — w in L' as e — 0, we
obtain by Fatou’s lemma and (3.35), (3.44)

Jull < ol +A | (B)A® byl VP

b
< luoll+2 [ o) (80 - 2 vap) o
R4 4!
< Hu0”7

where we used assumptions (v) and (vi). Hence, (6.5) is proved. Then, by
(2.15) and (6.5), one gets (6.4), as claimed, and the lemma is proved.
Now, by (4.6) and (6.4), we have, for all ¢ > 0,

V(S(t)uo) = —=C([[S(t)uol + 1)* = —C([|uoll + 1),
hence, by (4.10), N
/0 U(S(o)ug)do < oo. (6.7)

This implies that
w(ug) C {u € D(V); ¥(u)=0}. (6.8)
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To prove this, we shall use a modification of the argument from the proof of
Theorem 4.1 in [25].
Let uy € w(ug) and {t,} — oo such that

S(tn)ug = Us in L.

Assume that W(uy) > d > 0 and argue from this to a contradiction. This
implies that there is a bounded open subset O of R? such that

Vo () > g >0, (6.9)

where W is the integral for (4.7) restricted to Vp. Since Vo is lower semi-
continuous in L', it follows by (6.9) that there is a u = p(d) > 0 such that

)
Uo(u) > 2 if |too — uly < p. (6.10)
Since S(t), t > 0, is a semigroup of contractions, we have
|S(t)up — S(s)uoply < v(|t —sl|), Vs, t >0, (6.11)

where v(r) := sup{|S(s)up — ugly : 0 < s < r}, r > 0. Clearly, v(r) — 0 as
r — 0. By (6.11), we have

|S(t)ug — tsolt < |S(8)ug — S(tn)uolt + [S(tn)uo — tsol1 <
for [t —t,] <v7' (%), n> N(u), where v~ is the inverse function of v. By
(6.10), this yields

5
o (S(tu) = 7 for |t —t,| < v~ (—) ,

and n > N(u). But this contradicts (6.7).
(6.8) and Theorem 4.1 imply (6.2). By (6.4), we also have

lim sup / S(t)ug dor =0,
R—o0 t>0 {‘PZR}

which implies that w(ug) = W(ug) and that |ux|1 = |ugl1 by (2.16) and (2.18).

Hence (6.3) follows and thus (6.1) also holds. By Fatou’s lemma, it follows

that us, € D(V) and, by (5.37), (4.9) and the L -lower semicontinuity of

loc
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V on balls in M, we conclude that u., € Do(V'). Now, let us check that, for
t >0,
S(t) oo = Uso-

So, let t,, — oo, such that

lim S(t,)ug = Uno-
n—00

Then, for all ¢ > 0, by the semigroup property and the L!-continuity of S(t),
S(t) e = JLIrOlO S(t+tn)ug € W(ug) = {Uoo}-
The last part of the assertion is obvious by (6.3).
Corollary 6.3 Let uy, be as in Theorem 6.1. Then
[thoo |00 < max (1,6%(”_1)) ,
where p € R is as in (6.2).
Proof. For g as above, we have that ¢ is strictly increasing and ¢ : (0,00) — R

is bijective. Furthermore, by (4.3), we have, for (0, 00),

% 1q(r)logr + ——
0

by
Hence, replacing r by e ", r < 0, we get

b

g (r)<en’, re(—o00,0],

[bloo

and, replacing r by e

" r € (0,00), we obtain

lbloo ,.

gl(r)<e " e (0,00).

This implies, by (6.2), for all z € R?,

(0 <Qus(x) = g7 (n— 2(x))

(n—2(z)) [bles (1@ (2))

bo
Loy (@)e #4100y (@)e™

< max (1,6%(“71» :

IN

since ¢ > 1.
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We show now that Theorem 6.1 implies the uniqueness of solutions u* €
MNPN{V < oo} of the stationary version of (1.1), that is, to the equation

—AB(u*) + div(Db(u*)u*) = 0 in D'(RY). (6.12)
We note that the set of all u* € L*(R?) satisfying (6.12) is just A=1(0).

Theorem 6.4 Under hypotheses (i)—(vi), there is a unique solution u* €
MNPN{V < oo} to equation (6.12).

Proof. By Theorem 6.1, it follows that u, is a solution to (6.12), so it only
remains to prove the uniqueness. So, let u* € MT NP N A~1(0). Then, by
construction, S(t)u* = u*, V¢t > 0, in particular,

lim S(t)u" = u".

t—»00
So, if, in addition, u* € {V < oo}, it follows by the above (taking ug = u*)
that u* = us With us being uniquely determined by [, u*dz = 1.

Theorem 6.5 Let X'(t), t > 0, i = 1,2, be two stationary nonlinear dis-
torted Brownian motions, i.e., both satisfy (1.5) with (F})-Wiener processes
Wi(t), t > 0, on probability spaces (2, F',P") equipped with normal filtra-
tions Fi, t > 0, with

P'o (X'(1) = ul da,

and u(t,z) in (1.5) replaced by ul_(x) for i = 1,2, respectively. Assume that
u, e MN{V < oo}, i=1,2. Then

]Pﬂ' o (Xl)—l — ]P)z o (XZ)—l’

i.e., we have uniqueness in law of stationary nonlinear distorted Brownian
motions with stationary measures in M N{V < oo}.

Proof. By It6’s formula, both u!  and u? satisfy (6.12). Hence, by Theorem
6.4, we have ul, = 4 = us. Fix T > 0 and let

O(r) = @, reR.

Then Theorem 3.1 in [7] implies that, for each s € [0,7] and each vy €
L' N L, there is at most one solution v = v(t,z), t € [s,T], to

vy — A(P(Uoo)v) + div(Db(us)v) = 0 in D'((0,T) x R,

v(0, ) = vy,
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such that v € L®((s,T) x RY) and t — v(t,z)dz, t € [s,T] is narrowly
continuous. But ., the time marginal law of X* under P*, i = 1,2, is such
a solution with vy = u, since uy, € L by Corollary 6.3. Hence, Lemma
2.12 in [27] implies the assertion, since by 1t6’s formula P’ o (X*)7! i = 1,2,
both satisfy the martingale problem for the Kolmogorov operator

Ly, = P(too) A + b(use)D - V.

Remark 6.6 By [6], a stationary nonlinear distorted Brownian motion as
above always exists under the assumptions in this section.
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