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INTERNAL CONTROLLABILITY OF PARABOLIC
SYSTEMS WITH STAR AND TREE LIKE COUPLINGS

CATALIN-GEORGE LEFTER AND ELENA-ALEXANDRA MELNIG

ABSTRACT. We consider systems of parabolic equations coupled in zero
order terms in a star-like or a tree-like shape, with an internal control
acting in only one of the equations. We obtain local exact controllability
to the stationary solutions of the system under hypotheses concerning
the supports of the coupling coefficients. The key point is establishing
appropriate Carleman estimates for the adjoint to the linearized system.

1. INTRODUCTION

In this paper we consider semilinear systems of parabolic equations cou-
pled in zero order terms. We are interested in controllability of such systems
to stationary solutions by only one control distributed in a subdomain and
acting in only one of the equations. The key hypotheses insuring local con-
trollability refer to the structure of the couplings, which describe either a
star or a tree type graph, and to the support of the coupling functions or,
in the linear case, to the support of the coupling coefficients.

The strategy for proving the controllability result relies on the lineariza-
tion of the nonlinear system around a stationary state. The key step is
obtaining the null controllability for this linear system by using an observ-
ability inequality for the adjoint system. This observability inequality is
consequence of an appropriate global Carleman estimate. This in turn is
obtained by combining Carleman estimates for each of the equation, but
relying on diferent auxiliary functions, which are in a particular order rela-
tion, made possible by the special structure of the system. The idea of using
different auxiliary functions in Carleman estimates is inspired by the work
of G.Olive [14] concerning controllability of parabolic systems with controls
acting in different subdomains.

Passing from the linearized system to the nonlinear one needs an L™
framework for the controlability of the linear system because the Carleman
estimates we obtain are sensitive to zero order perturbations of the system.
More regularity of the controls in the linearized problem is obtained as in
the work of V.Barbu [5] (see also [6]) by using regularizing properties of
the parabolic flow in a bootstrap argument. This allows an approach to
the controllability of the nonlinear system by a fixed point argument, based
on Kakutani theorem, as in work of J.-M. Coron, S.Guerrero and L.Rosier
[6] or [4]. In fact the proof of this step follows the same lines as in [6]
where the return method is used and the linearization is performed around
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2 C.G. LEFTER AND E.A. MELNIG

a particular trajectory, such that the linearized system is well coupled; this
also is a situation where an L*° framework for the controllability is necessary
by the same reason as in the case we are considering.

Global Carleman estimates are by now a classical tool in proving ob-
servability inequalities, and they were established in the context of control-
lability for parabolic equation O.Yu.Imanuvilov (see O.Yu.Imanuvilov and
A Fursikov [9]). Since then this type of estimates was extensively developed,
refined and used in other areas such as stabilization or inverse problems.

The study of controlled systems of parabolic equations, with fewer con-
trols than equations, needs appropriate Carleman estimates for the adjoint
system. These estimates usually involve partial observations. We recall the
study of cascade like systems of parabolic equations, with one control and
space depending couplings, in the paper of Luz de Teresa and M.Gonzéles-
Burgos [10]. In the case of zero order couplings with constant or time de-
pendent coupling coefficients there is an extended interest on obtaining alge-
braic conditions of Kalman type for controllability; in this direction we cite
the papers of F.Ammar-Khodja, A.Benabdallah, C.Dupaix and M.Gonzéles-
Burgos [2, (1] or the work of F.Ammar-Khodja, F.Chouly and M. Duprez [3].
Observability estimates for linear systems (not only parabolic) coupled with
constant coupling coefficients in the dominant part and/or in the zero order
terms were established by E.Zuazua and P.Lissy [I3]; such estimates are es-
tablished under Kalman rank conditions satisfied by the pair of the coupling
and control matrices.

2. PRELIMINARIES AND STATEMENT OF THE PROBLEM

Let © c RY be a bounded connected domain with a C? boundary 95
and let wg CC Q. Let "> 0 and denote by @ = (0,7") x Q and for w C 2
write Q, = (0,7T") X w.

We consider systems of (n + 1) parabolic equations coupled in zero order
terms through nonlinear functions, with one internally distributed control,
acting in wy and entering only the first equation. The main goal is obtain-
ing local exact controllability to some stationary solution for the nonlinear
System.

In the first part of the paper we study systems of parabolic equations with
star-like couplings which refer to the sistuation where y; is actuated in the
corresponding parabolic equation through a nonliniarity depending only on
y°,y*. Such a star-like coupled system has the form:

Dyyo — Ayo = go(@) + fo(@, Yo) + XewoUs in (0,7) x Q,
(2 1) Dtyl - Ayz - gl(x) + fi(xay07yi)7 1€ 17”7 in (OaT) X Qa
’ Yo = ... = Yn =0, on (0,T) x 09,
y(o’ ) = y07

where g; € L®(Q), j € 0,n. We denote by x.,v the extension of v : wg — R
with 0 to the whole domain 2. The control function is  : [0,7] X wg — R,
acting in the equation of yg and acting on the other components of the
solution, ¥1, ..., yn, through the corresponding coupling terms containing .
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Consider a stationary state § = (%, ..., ¥y),; € L>(Q),j € 0,n, solution
to the elliptic system:

—Ayy = go(x) + folz, Vo), z €,
(22) 7Ayz = gl(x) + fi(xvgm@i)? ( € 1an7 VS Qv
Yo =..=1Y, =0, x € 0.

Observe in fact that, by elliptic regularity, an L°° stationary solution is a
smooth solution.

Concerning the coupling terms we assume the following hypotheses:

(H1) fo :R¥ xR — R, fi : RN xR xR — R,i € I, n are C' functions
and there exist w1, ...w, C {1, open nonempty subsets of €2 such that

2.3) i)\ | w#0.VieTn
J#0,i
and for all i € 1,n we have
(2.4) fi(z,yo,y:) = 0V € Q\ wi, yo,yi € R;

(H2) The following coupling condition holds:

2 om0 { )\ U w #0,

J#0,i
We consider first a controlled linear system which will appear through a
linearization procedure:

(2.5) supp

Dyzo — Azg = co(t, )20 + XwoUs (0,7) x Q,
(2.6) Dyzi — Az = ap(t, x)z0 + ci(t,x)zi, 1 € T,n,  (0,T) x Q,
20 =...= 2z, =0, (0,T) x 09,

For M, 6 > 0, and open subsets w; CC (w; Nwo) \ U;0; w; we introduce the
following classes of coefficients sets:

ng(S,{&i}i = {E = {aio’cj}iem,jeﬁ - @30, Cj € LOO(Q)7
2.7)
llaiollzoe, [|cjll e < My aip =0 in Q \ Qu,, and |ai| > 6 on le}-

We prove first that such linear systems with coefficients in £y 5 (,,.}, are null
controllable with norm L? and L of the control uniformly bounded by a
constant C' = C(M, d,{w; }i)-

In order to achieve this goal we consider the adjoint system:

—Dypo — Apo = co(t, 2)po + D1y aio(t, z)pi,  (0,T) x €,
(2.8) —Dyp; — Ap; = ¢i(t,x)pi, i € 1,n, (0,7) x Q,
Po=...=pp =0, (0,T) x 99.

and we prove an observability inequality as consequence of an appropriate
Carleman estimate. The Carleman estimate we establish in the next section
gives us more than just observability, it helps obtaining a priori estimates
for the control driving the solution of the linear system to zero and, as
the constants appearing in the Caleman estimates are depending only on
M, 6, {w;}i, the estimates on the control will result uniform. This fact is
essential in the fixed point argument when dealing with the nonlinear system.
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In order to reformulate the problem in an abstract functional framework
let the state space be the Hilbert space H = [L*(Q)]""! and the control
space U = L?(wp). Consider the operator

A:D(A)C H— H,D(A) = (H}(Q)n H*(Q)"", Az = Az,
and the control operator
B:U — H, Bu= x,,Bu, B=(1,0,...,0)".
Then, problem ({2.1)) may be written in abstract form:
{ Dy = Ay +f(y) + Bu, t>0,
y(0) =4°.
where f(y) = f(-,y(:)). The linear problem (2.6) may be reformulated as:
Diyz=Az+ Ag(t)z+ C(t)z+Bu, t>0,
(2.10) 2(0) = 20
where C(t)z = Cy(t,-)z(-) and Ag(t)z = Ag(t,)z(-) where Cy(t, z) is the di-
agonal matrix Cy(t, x) = diag(c;(t, ));_g and the coupling matrix Ao(t, x)
has only one nonzero column, that is the first one and is given by
A()(t, ac) = (0, aio, - - - ,ano)T : (1, 0, ce ,0).

For simplicity, when there is no confusion, we denote the norms of func-

tions z € [L*(Q)""!, or z € [H'(Q)]" ete. as ||z 12(q), respectively

2l 1 (@) ete..

Null controllabity for the linear system ([2.10) above is equivalent to an
observability inequality
(2.11)

T
Ip(0)|I72() < C(24,0) /0 IB*pll72(udt,  for some C(M,5) >0,

(2.9)

for all solutions p to the adjoint equation
(2.12) —p =Ap+A{p+Cp
where Ajp = AJp, B*p = B ply,-

We extend our study to parabolic systems with tree-like couplings. In
fact we will treat only linear equations with appropriate hypotheses for the
coupling coefficients in a tree-like structure. Passing from linear results of
controllability to local controllability for nonlinear systems may be obtaiend
by exactly the same procedure as in the star-like case. An example of linear
parabolic system with tree-like couplings is the following;:

Dizo — Azg = co(t, )20 + Xuwo U, in (0,7) x Q2
Dizy — Azy = ayo(t, z)z0 + c1(t, x)z1, in (0,7) x £,
(2.13) Dyzo — Azg = ago(t, x)z0 + co(t,x)z2, in (0,T) x Q,
) Dyzg — Azs = ag1(t,x)z1 + e3(t,x)z3, in (0,T) x Q
Dyzy — Azg = ag1(t,x)z1 + co(t,x)z4, in (0,7T) x Q,

20 =..=24 =0, on (0,T) x 09,

\
and the general form of system with tree like couplings will be discussed in
40

The paper is organized as follows:
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e In §3| we prove appropriate Carleman estimates for adjoint system

[2.8)) in either L? — L? or L — L? settings. This will be Theorem

e In §4| we prove the null controllability of linear system . The
approach uses a family of optimal control problems with penalized
final cost. One then obtains besides controllability an estimate for
the control in both L? and L° norms by using the previous Carleman
estimates. This is Theorem 2

° is devoted to the local controllability in L° of nonlinear system
. The fact that controllability has to be proved in L is due to
the high sensitivity of the Carleman estimates with respect to the
coupling coefficients, which is not the case when controls act in each
equation of the system. The argument is similar to that used in [6].

e In J6| we extend results of controllability, with one distributed scalar
control, for linear systems of parabolic equations, of the form ,
with tree-like couplings. The key point here is obtaining appropriate
Carleman estimates. Local controllability for nonlinear systems with
tree-like couplings is also discussed.

3. CARLEMAN ESTIMATES AND OBSERVABILITY

In this section we establish an L? Carleman estimate that will help proving
an observability inequality fot the adjoint problem . This L? Carleman
inequality and parabolic regularity are the starting point in obtaining an
L° control through a bootstrap argument.

We recall the classical Carleman estimate for a generic nonhomogeneous
parabolic problem,

(3.1) { Dip+Lp=~h, in(0,T) x Q,

p=0, on (0,T) x 09,

where L is an uniformly elliptic operator of second order. Denote by @) :=
(0,T) x 2 and, for w CC 2, Q := (0,T) x w. The solution is observed in
Q., for sources h € L%(Q).

We introduce the function

» e C2(Q), w[agzk>0,k<w<%kin9,{x€§:]Vzp(:c)]:O} cCw,

and the weight functions
() (@) _ 15Nl om,
T =0 at,z) = T —1)
Then, the classical global Carleman estimate (see [9], [§]) is the following:

(3.2) o(t,x) ==

Lemma 1. There exist Ao, so and C' > 0 such that if X > Ag,s > sg, the
following inequality holds:
[ [0l D + 108 + s\%0IDpP? + 501 o] 2y
(3.3)
§C’/ 33)\4g03]p|2628°‘d:vdt+/ |h|2e?*dxdt
Qu Q

for allp € HY(0,T; L*(Q)) N L?(0,T; H*(Q)) solution of (3.1)).
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We establish a Carleman estimate for the adjoint problem with source
g € L*(Q)""! and observations on the subdomain wg. The adjoint system

to problem ([2.6)) is

_Dtp(] - APO - CO(t .%')p() + Zz 1 alO( )pl =+ 9o, (OvT) X Qv
(3.4) —Dypi — Ap; = ¢i(t,x)p; + gy 1 € 1,0, (0,T) x Q,
po=..=pp=0, (0, T) x 0N

In the following we are going to write Carleman estimates for each equation
in by using in each case corresponding subdomains of observation and
appropriately chosen weight functions. We proceed as follows:

Consider open subsets

and denote as above by Qgz;, = (0,T) x @;; take the auxiliary functions
¥;,7 = 0,n, with the following properties (where we have denoted by @o :=
wo):
(3.5) Vi :=n;+ K;,j €0,n,

n; € C%(Q),0<n; in Q, njlaa =0, {zrecQ:|Vn(z)]=0}cCCd,
for some fixed positive constants K; > 0 such that

(3.6) Wy > g in
and
(3.7) Sllrlllf);fj < -,Vj€0,n.
Let 0 < € < inf);,7 € 0,n a small positive number and denote by
(3.8) 1 = sup sup ¢;(z) + e, ¢ = inf inf o;(z) —
z€Q jeO,n - x€Qjc0n

Introduce also, for parameters s, A > 0 the auxiliary functions:

(3.9) p;(t, x) == T —1) a;(t, ) == WT—1) Je0,n
and

e/\E ew _ e1.5)@
3.10 2(t) =7 (t) = ———, a(t)=at) = ————
B1) B0 =20 = w0 =) =

A\ Ay 1500

e’z e - (&
3.11 t) = Mt) == H=a )= —
B1) el =20 = . o) =aM) =t
Remark 1. (i) As we are going to compare the various Carleman esti-

mates stated for each equation of the linear adjoint system, we will
need to compare the weights which are involved in thgose inequali-
ties. For this purpose let us observe that given mg > 0 there exist
so = so(mo), Ao = Ao(mo) > 0 such that for all s > so, A > Ao,
Im| < mg and t € (0,T), the following inequality holds:

(3.12) e < gMplMet < %
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(3.13) e’ < sMplte .

(ii) Observe that if in (3.5)) we replace K; with K;+ M with the constant
M > 0 big enough, the above properties of the auziliary functions
remain valid and, moreover, we may assume that

¢ 3
3.14 - < -,
(314) U<
This extra assumption implies that there exist 5o > 0, Ao > 0 such
that if s > 59 A > Ao,
(3.15) |Dioil < C@,  |Drail < Cpf,  |Djas| < Cyj.
(iii) Observe that for \ big enough, say A > X\, we have
A
(3.16) =)
ar

A
Indeed, this is a consequence to the fact that limy_, QEA =1, uni-
(6%
formly with respect to (t,z) € Q.

In this section we prove the following Carleman estimate which has as
consequence the appropriate observability inequality for the adjoint system

(3-1)-

Theorem 1. There exist constants Ag, sg such that for A > Ao there exists
a constant C > 0 depending on (M,0,{w;}i, ), such that, for any s > so,
the following inequality holds:

(D + D+ |DpP + [ i

(3.17) ¢ ) )

< C'/ |p0|2628adazdt+C’/ g% > dadt
Qwo Q

for all p € H'(0,T; L*(2)) N L?(0,T; H*(2)) solution of (3.4).

Moreover, there exist mg € N and §;1 > 0 such that for the homogeneous
adjoint system (i.e. taking g = 0), we have the following L> — L? Carleman
estimate

(3.18) Hpe(ermo&)QHLoo(Q) < CHp‘JeSaHL%QwO)'

Proof. The second remark above is useful when obtaining Carleman esti-
mates, since the weights here are slightly different with respect to those used
in (see [9]) or [7]. However, this remark allows following the same lines of
proof and we may write Carleman estimate for each equation j € 0,n
with observation domain w; and auxiliary functions and weight functions
Y, pj,aj. Thus, there exist sg > 0, > 0 such that for any s > sg, the
following inequalities hold:

(1) For py we have
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/ [(500)~ (1 Dipof2 + 1 D2pol?) + 500l Dpo[? + 58 pol?] €20 dudt
Q

<C / Z a;opi + 9o
Qu i=1

(3.19) -
<C / s 03 |po|2e?5*0 dadt

2

s3g08|p0|2625a°dxdt—|—/ eXWdzdt| <
Q

0

0

n
+n2M22/ |pi]2e2s°‘ida:dt+/ ]90]2628aidxdt].
i=17@Q Q@

(2) For p;,i € 1,n we have:

[(s0:) = (|1 Depil* + | D?pil?) + s@il Dpil* + 5°07 pi|*] €2 davdlt
(3.20) ¢
< C’/ $303 |ps|? e dadt + C/ |gs|2e?% dadt.
Qo, Q

We sum the above Carleman inequalities we obtain for some constant
C = C(M, {wj}j) > 0 that
(3.21)

n

> { /Q [(s¢;) "X (1 Deps | + |D?p; %) + 5051 Dpj|? + s° 2 p; 7] emfdxdt}

0

k3

n
<C / s308|po|2e® 0 dadt + Z

w0 =1

+ Z (/ |gj|?e*5% dxdt)
j=0 \’Qa

53g0§ |pi |26250"' d:cdt)

&

J
At this point we have to properly estimate the terms containing p; on
wi, 1 € 1,n from the right hand-side in terms of the component pg observed
on wy. For this purpose we will use the first equation of (2.8|) considered on
w; Nwp, which by hypothesis (2.7) is coupled only to p;:
(3.22) Dyipo + Apg + copo + aiop; = go in (0, T) X w; Nwp.
Consider the cutoff functions ~;,7 € 1,n with the properties
%i € Cg° (wi), [yil < 1,supp v =w;
v = sign (aiy|w,) on @i,y # 0 in w,.
where sign (a;,) is the sign of a9 in w;, which, by hypothesis (2.7) and

continuity is nonzero and constant in w;. Multiply, scalarly in LQ(QWO), the
equation (3.22) by ~;s3@}pes®i:

/ Yiaio(x)s3 03 |pi|* e dxdt
(3.23) Qe
= / i8°@3 (—copo — Dipo — Apo — go)pie*** dzdt

wi
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We use (2.7 to say that that there exists a constant such that

5/ s> ©; |pl|2 250 e dt </ |al-0(x)\5390?]pi|26250‘id:vdt

(3.24) Qe “

< [ eo)sedipedat
We estimate each term from the right hand-side of (3.23]) using the properties
of 7,7 € 0,n. Let C' > 0 denoting various constants depending on §, M and
Qiu (IJZ

For the first term in right side of (3.23|) we have:

/ i8> 03 (—copo)pse”** dadt
Qu;

1
2
(325) S M (/ 8 0 ’p ‘2 28azd$dt> (/
Qu; Qu;

1 7

§/ 2 ©; |pl]2 2SO”alxdt-i—Mz/ s ©; |p0]2 25% (it
Qu

) @i

1
2

st ©; ]p |2 250"dmdt>

The same computation gives an estimate for the term involving the source:

‘/ ;83 gaj (—go)pse**idxdt

(3.26)
§/ s2p? |p¢|2623°‘id$dt+M2/ st go|? e dadt.

Observe now that we have the following estimates for the weight functions,
with a constant cst not depending on s:
(3.27)
715 Dy(e24?)]| = s (2425 Dyari? + 36X 2 Dypy)| < st 2 4s?]

and
(3.28) ‘33A(%¢§>pie2sai)‘ < csts3 (pz 2 ©; ]pz’ + SSOZ’VPZ‘ + ‘Apz’) 2sa;

We now proceed with estimating the second term in using, as usu-
ally in Carleman estimates, integration by parts:

/ s3Dt(cp§’pieQS°‘i)pgdmdt

/ %s?’go?(—Dtpo)pieQSO"'dmdt =
Qu;

<

/ 3Dt( 3 QSQZ)pipodxdt +
Qu;

/ s3p2e?5% Dyp;podadt
Qu;

<C

/ e2sc s5w?pjp0dxdt +
Qu,

/ egsais?’gof’Dtpipgdxdt
Qu,

(3.29) S/Q 82¢?|pi’262said$dt+C/Q s50% |po |5 dadt

“q

+ [ oyt Dm P it C [ e dat
w Qu;

wi
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We proceed now with estimating the third term in right hand side of (3.23):

/ i85} (— Apo)pie**¥idxdt
Qu,

/ P A(yip3pie* ) podadt
Qu;
3 372 2 2sa;
<c / B30 pil + 501 Vil + |Apal) e [poldedt
(3.30) Qu;
< [ A+ 190 + () Al

Qu;
+ C/ 88g0§|p0\26280”dxdt.
Qu;

Using (3.25)),(3.26)),(3.29), (3.30) and (3.24) we have, for i € 1,n that

/ 303 piPe* i dadt < C/ s30% [po | €% dadt
Qs Qu;

i

(3.31) —i—/Q [(sgpi)*Q(\Apilz + | Dypi)?) + 5202 |ps| + ]Vpiﬂ e?5% dadt
+ CZ/ st ol go|*e** % dadt.
i=1 "7 Qu;

Going back to (3.21)), we have

(3.32)
> {/Q [(s05) " (IDsp;? + 1D?p;[?) + 50| Dpj > + 53 |ps ] 62sajd$dt}
=0

“q

iz
n
< C’/ 5308 po|? €50 dadt + CZ </ s30% |po|*e*5% dadt
Qug w

i=1
°
Qu

n n
+C Z / s*oalgo|*e** i dadt + C Z / g% €25 dadL.
i=1 7 Qu; j=07€

i

[(s0)~2(ID*pil* + | Depil?) + 5* @ Ipil* + | Dpil*] 62“”d$dt)

We now absorb the integral terms containing p; in the right hand side into
the corresponding higher order terms in the left side of the above inequality,
by increasing s and taking it big enough. We obtain:

(3.33)

n

> { / [(s03) " (1DwpsI? + 1D%p; %) + s5 Dyl + 5% I ] e%%'dxdt}
j=0 7@
n
< C/ s po|2e® 50 dadt + CZ/ s80% |po | e** % dadt.
Quyg i=1 wy

n n
+C Z/Q s*oilgoPe*¥idxdt + C Z/Q g% €% dadt.
i=1 wy 7=0
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Now if we use Remark[T]in order to take a smaller weight in the left side and a
greater one in the right side. Then there exist sp > 0 and C' = C(M, §,{w, },)
such that the following Carleman estimate is true for all s > sq:

Z [/ (|1Dspj|* + |D?pj|* + |Dp;* + |p;|?) e**2dzdt
(3.34) =0 €
< C/ Ipo|? €5 dadt + C/ lg|2e**%ddt.
Qwo Q

O

Concerning the L>™ — L? Carleman estimate for the solution of the adjoint
problem we proceed in the same way as is in [B], 6] or[I2]. We need
to use the maximal regularity result in LP spaces for parabaolic problems
(see [I1I]) and Sobolev embeddings for anisotropic Sobolev spaces which are
contained in the following lemma:

Lemma 2 ([I1], Lemma 3.3). Let z € W' (Q).
Then z € Z1 where

L*(Q) with s < JS]YJE)QTT when r < 32
Z1 =< L5(Q) with s € [1,00], when r = NE2

C¥2(Q)  with) < a <2— @, when r > NF2
and there exists C = C(Q,p, N) such that
2l < Cllllyzs gy

Using the above regularity result we consider the following sequence of
numbers:

(N +2)oj1
(335) o9 = 2, 0j = N+2— 20_]'71
Sojo1, ifojoq >
such that by Lemma [2] we have
W2 (@) € L7(Q).

Now, let us fix a §; > 0 and a sequence (¢/) >0 defined by

: N+2
yif o1 < 555,

N+2
2

)

¢ = p66(8+j51)g‘

is solution to the problem

Then ¢/ = (q),...,qh)"
(3.30) Dif + A¢ + C¢ + A) ¢ = (s + j61)Drag,
' ¢(T) =0.

Observe that the right-hand side may be bounded in terms of ¢/~!, with
some constant C; = Cj(s,d1) > 0, as follows

. ‘ T -
(337) (S +]51)Dtgq3 = (S —I—j(sl)mge&l*qj ! < qu] 1.

By maximal parabolic regularity (see [I1]) we have

(3.38) 1l < Cilla”™ llesms
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and using Sobolev type embedding from Lemma[2], we have that there exists
a constant K; such that

(3.39) g7 Mg < Kquj‘legj_l_Q-

The sequence (o,,)n, is increasing to 400 and choose rank mg such that
Omg > % > Omg—1. This implies that

(3.40) W2l (Q) c L=(Q).

O'mo

From (3.38)), (3.39) and (3.40), and with the use of (3.17), we have that

there exists a constant C' > 0 such that

IpesTmooe|; oy = lg™ (@) < Clld°llLo0@) = Clpe®| L2
< Cllpoe® [l z2(Quy)-

(3.41)

Remark 2. In order to obtain the observability inequality we proceed in
the classical manner, by multiplying scalarly in L*(Q) each equation of the
system by p; and making use of dissipativity to find, for some constant
c > 0 depending only on the coefficients of the system, the inequality:

5 pl32(@) + ellplaqey >
which gives

1p(0) |72y < P17 2y £ € (0. 7).
Consequently, for fived s > so, we have that

3T

T

2L T
4
rww@QSQﬁ,M@%@fwéK@wArww;@&%t
4

Now, by Carleman estimate (3.34) we obtain the observability inequality,
with a constant C' = C(T, 8,6, M,{w,};):

(3.42) me@@s04|m&mww
wQ

4. LINEAR SYSTEM: NULL CONTROLLABILITY

The main controllability result concerning linear system ([2.6]) is the fol-
lowing

Theorem 2. Consider system (2.6 with coefficients in EM s fw,)i- Then

there exists a constant C = C(M, 6, {w;};) such that for all 2° € H there
ezists u* € L?(0,T; L*(wo)) N L°®(Qu,) which drives the corresponding so-
lution to , z=2"" in0 i.e. satisfies z(T,-) = 0 and satisfies the norm
estimate

(4.1) e 20,1522 (w0)) + 147|220 (Qug) < ClIZ°NL2()-

Proof.
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L?(Q) control. In order to obtain norm estimates for the controls driving
the trajectory to the linear system in 0, we consider a family of optimal
control problems depending on a small parameter € > 0:

1

(4.2) inf = / lu|?e _QSQd:rdt—i—— / 12(T, -)|*dxdt,
UELQ(QWO) 2 Qwo

with z = 2" the solution of the linear controlled system (2.10)). Classical

results concerning optimal control with quadratic cost for parabolic equa-

tions insure existence of optimal control u which by Pontriaghin maximum

principle satisfy

(43) uf = 6256B*p5 — erapE wo-

where p® is solution to the adjoint system:

Dip* = —Ap® — C(t)p° — Aj(t)p°
p°(T) = —15(1).

By cross multiplying the equations for 2° = z%* and p® by p° respectively z°

and integrating on () we obtain:

(4.4)

d *x £ £
dt< % 0%) 12() = (A+Ag+C)z"+ Bu®, p%) 12(0) — ((A+ Ao +C)"p%, 2°) 2 (q)-

We integrate on [0,7] and use the observability inequality (3.42)
1 *
EHZE(T? )”%Q(Q) + <U€, B pE>L2(Q) = _<ZE(O7 ')7p€(07 )>L2(Q)

1
2

0

< 12% 22 120, )l 22 () < ClI2°N 2 (/Q ’PSIQGZSadxdt>
Since (u®, B*p%) 2(q) = fQ Ip5|?e?*¥dxdt, using appropriately balanced
wo
Young’s inequality, we find that

1 1 _
@5) N+ [ 6P dadt < OO

2
0
gives by (4.3) the following estimate the sequence of optimal controls (u).
and final state:
1 2 1 2 —2sa 02
(4.6) EHZE<T7')HL2(Q) + 2/@ uf[Pe™*Vdxdt < C||2°||72 (o
wo
Now, this L? bound for the sequence (uf)., allows to extract a subse-
quence, denoted for simplicity also (uf). weakly convergent in L?(Q) to a
limit w*.
Write the corresponding solutions (z°). as
2 =w"+v
where w® is solution to ([2.6)) with initial data w®(0) = 0 and v solution to
homogeneous equation

Dy = Av+ (Ag+ C)v =0, v(0) = 2°(0) =
We have that the sequence (w?); is bounded in L2(0 ; ( )) and the se-

quence of derivatives (Dyw®). is bounded in L?(0, T; L?(£2)). By Aubin’s the-
orem we can extract a subsequence, denoted also (w°)., strongly convergent



14 C.G. LEFTER AND E.A. MELNIG

in L2(0,T; H}(Q)) to w € L2(0,T; H(Q)) N L?(0,T; D(A)). Consequently
(2°) is strongly convergent in L?(0,T; H}(2)) to 2 € L*(0,T; H} (). We
may now pass to the limit in the weak formulation of solutions to ,
([2.10); thus, for some test function ¢ € [Hj ()], we have

t

(25(t, ), )2 — (25(0,4), ¥) 2 () +/0 (V25(7,4), Vo) 12y dT

(4.7) ¢

—i—/ (Ao + C)25, @) r2(ydT —/ u®pdzdr,
0 (O,t)XUJQ

[2°(0, ) := 2",

and we find that z € L?(Q) solution for the problem with initial datum
20 € L2(Q). In fact, by Arzela-Ascoli theorem w® — w in C([0, 7], L?(2))
and thus z(7T") = 0 and by weak lower semicontinuity of the L? norm we also
have the following estimate for the control driving the solution to 0:

(4.8) / [ e~ dadt < CJ|2°) 230,
“wo

where C' = C(T), s, s1, M, 4, {Qj}j)‘

L>(Q)- control. Regarding the L* norm estimates for the sequence (u®).
and also for u* we will use the results from the previous section

(4.9) [luTe 2@ Ermodve) oy = Ip5e* T L o) < ClI2°NL2(q)-
Now we see that we could start from the beginning with A big enough such
that (3.16]) holds and in consequence

2sa < (8 + moél)g.
As —2sa+ (s +mpd1)a > 0, by passing to L™ weak-* limit in (4.9)), we find
that
(410) ||U* HLOO(Qwo) < Hu*e—Qsa-i-(s-‘rmo(Sl)QHLOO(QwO) < C”Z0||L2(Q)7

which concludes (4.1)).

5. NONLINEAR SYSTEM: LOCAL EXACT CONTROLLABILITY

We prove in this section the following local controllability result concern-
ing system ([2.1)):

Theorem 3. Suppose y is a stationary state, i.e. solution to , and
that the functions fj,j € 0,n satisfy hypotheses (H1), (H2). Then, for all
Bo > 0 there exist (o = Co(Bo) > 0 and C = C(Bo,{w;}i,y) such that if
ly“(0) — 7|l < (o there exists a control uw € L*°(Q) satisfying

[ull (@) < Clly*(0) = YllL= (o)
and
yu(T7 ) =1,
with
ly(t,-) = Fllze < Bo, t € [0,T].
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Proof. The approach to the local null controllability of the system around
the stationary state is based on the Kakutani fixed point theorem.

For this aim, with a solution y to , we consider the system satisfied
by z :=y — ¥, written as a linear system

Dyzo — Azg = c§(t, )20 + Xuwo s (0,T) x

(5.1) Dz — Az = afy(t,x)z0 + cZ(t,x)z, i € I,n, (0,T) x
' 20 = ... =2, =0, (OT)XE?Q

Z(O,ZE) = ZO(:’U) = y(O,x) —g(I) Qv

where the nonlinearity is hidden into the coupling coefficients which are
defined by:

1
0 -
aiy(t,x) = /0 T%fi(m,yo(x) + 7120(t, 2),y;(x) + T2i(t,x))dr, i € 1I,n
1
0

& (tyx) =
! o 9y;

(5.2)

Observe that {a%,, C?}ieﬁ, jeon are the coefficients of the linearized system
around the stationary solution ¥ as

> —fi(@,ho(2) + T20(t, 2),7;(2) + 72(t, x))dr, j € 0,n.

) 0
C? = @fl(ﬂf,go($),gz($))7cg = Ty()f()(x,g()(x))

We see now that hypotheses (2.4) and (2.5)) tell us that we may choose
Mo, d0 > 0 and w; CC (w; Nwo) \ U,z ; wj such that

(5'3) {azQO’ C?}ieﬁ,jeﬁ € gMo,éo,{gi}i'
Let 8 > 0 and define Mg to be:
(5.4) Mp={2 € L7(Q) : |2l L= < B}

For Z € Mg, we consider the coefficients aZy(x), c ]( x) defined as in (5.2))
with z replaced by Z.

Observe now that we may choose 5y > 0 small enough such that if Z €
Mg, we have

(5'5) {a107 ]}zel n,j€0,n S 52]\/[ 777{£2}1
Consider now the linear system ([5.1]) with coefficients {aZ,, ¢ 5
Dyzg — AZO = C~(Z~)(t7 x)zo + XgJou7 . ( )
(5.6) Dizi — Az = ajy(t,x)z0 + ¢ (t,x)z, i € L,n, (0,T) x
' 20=..=2, =0, (0, )x@Q
2(0,z) = 2%(x) x €N

The linear problem ([5.6)) may be reformulated as:

{ Diz = Az + A%(t)z + C%(t)z + Bu, t>0,

(5.7) 2(0) = 20
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where C%(t)z = C{(t,-)z(-) and A%(t)z = A}(t,-)z(-) where C;(t,z) =
diag(ci (t,z)), and the coupling matrix

Af

0,n
( ,:L’) = (O,afo(t,a:), s 7afLO(t7x))T : (1707 ce 70)’

Theorem [2 says that for Z € Mg, there exists a control u* = u*(Z) €
L%(0,T; L?(wp)) N L®°(Q,,) satisfying the norm estimate
J(") = w2 (0/m:12(00)) + 107 e (Qup)
< C(2Mo, 60/2, {w;}i) 12"l 22 (),
and driving the solution z*"% of the linear system (5.6)) in zero : 2% *(T') = 0.
Observe that J is a norm in the space U* := Lg,sa N L*®(Quy,)-

We will write
(5.9) 27 = Ti (") + T3 (u),

where the first term is the solution to problem (5.6]) with initial data 2" and
the second term is the solution to system (/5.6 with initial datum zero and
control u. Let us denote by

(5.8)

t
(5.10) S1(2%) = eA20, Soh = etA x h = / =98 (5)ds,
0

where h € L2(0,t; [L?(Q)]"*!). With these notations
(5.11) 2% = TF(2%) + T5 (u) = S1(2°) + Sa(A52%7 + C5 2" + Bu).

Fix an initial datum 2° € L>°(Q). We define now the following set-valued
map, associated to z°:

Fo: Mg, — 2L7(@)
(5.12) Foo(2) = {2%* : u satisfies (5.8) and 2“*(T) = 0}
= {TF(2°) + T3 (u) : 2%(T) = 0, J (u) < K|[2°]| 2},
where by K we denoted the constant in (5.8), K = C(2My, 60/2, {w;}:)-
In order to obtain local controllability of the nonlinear system it is enough
to find a fixed point for F,o. We achieve this goal by applying Kakutani

fixed point theorem to Fl,o in Mpg,; we have thus to verify the following
statements:

i) For every z € M, F,o(Z) is a nonempty, closed and convex subset of
L2(Q);

Observe that 2% (®) € F,o(2) and thus F,o(Z) # 0. Convexity
comes from linearity of 75 and convexity of J.

To prove that F,o(Z) is closed, suppose 2™ € F,o(2), 2™ — z in
L*°. We have to prove that z € F,0(z). Indeed, we have that

2™ = TE(20) + T5 (u™)
for some controls u™ € U* satisfying estimate J(u™) < K||2°| 2.
We may now invoke Aubin-Lions and Ascoli-Arzela compactness

results (see e.g. [I5]) applied to the solution operator of a para-
bolic initial boundary value problem and thus to say that 75 is a
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compact operator from L?(0,T;L?(f,,)) to C([0,T]; [L?(Q2)]"*1) N
L2(0,T; [H()]™ ). Thus, extracting subsequence u™ — u weakly
in L2(Qy,) we find

2™ = z in C([0,T); [L2(Q)]™Y) n L2(0, T; [HE ()" )

with z(T") = 0 since z,,(T)) = 0. Thus z € F,o(2).
ii) There exists (o = ¢o(Bo) such that for [|2° () < (o we have

F.o (Mﬁo) - Mﬁo'

This follows from the a priori estimates for solutions to initial bound-
ary value problems for parabolic systems:

ITE (29 o) < CLlll 2Nz 12° )| 2o (02)

175 (W)l o) < Co(llZ] o) 1wl oo (Quy)
and from the remark that both constants depend in fact uniformly on
the L norm of the couplking coefficients and thus depend uniformly
on the norm of Z in L*°.
iii) The set F,o(Mg,) is imbedded into a convex and compact subset of
M.

Indeed, as Mg, is closed and convex, it is enough to prove that
F,0(Mg,) is relatively compact in L*° topology. For this, take a
sequence 2™ € F,o0(Mg,). Correspondingly, there exist Z,, € Mg,
with 2™ € F,0(2™). Take corresponding controls v € U* such that

(see definition of F,o and ([5.11})):

zm

(5.13) 2™ =TF" (2°) + 75" (u™) = S1(2°) + So (A5 2™ 4+ CF" 2™ + Bu™).

We have the following bounded sequences

e 2™ € Mg, and so A7 (Q),C¢" (Q) are bounded in L

o 2" € Mg, and is thus bounded in L>(Q);

e v € Y* is bounded in L*(Q).
Consequently AZ" 2™ + CZ" 2™ + Bu™ is bounded in LP(Q),p > 1.
By parabolic regularity (see [11]), Sa(A45" 2™ + C§" 2™ + Bu™) is
bounded in any Wg ’1, V1 < p < oo (the space of anisotropic Sobolev
functions). For p big enough we have WI? 1 c CY(Q) for some
0 < a < 1 (the space of Holder continuous functions). C%%(Q)
is compactly imbedded in C(Q). Consequently (™) is a relatively
compact sequence in L>°(Q).

iv) F,o is upper semi-continuous, i.e. if 2™ — 2z, 2™ — Z in L* and

2™ € F,o(2™) then z € F,o0(Z).

Indeed we have (see (5.2))) that A7" — A§, C§" — C§ in L* and
as 2™ is relatively compact in C([0,T]; [L?(22)]"™!) we may pas to
the limit in and find that z € F,o(2).

Now we conclude the proof by Kakutani fixed point theorem, which in-
sures existence of z € Mg, such that z € Fl,o(z) i.e. there exists u € U*
such that z%* = z. In conclusion y¥ := 7+ z is the solution to the controlled
system with control u satisfying y*(T') = 7. [
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6. PARABOLIC SYSTEMS WITH TREE-LIKE COUPLINGS. NULL
CONTROLLABILITY.

We describe in the following what we mean by a system with tree-like
couplings. This would be a parabolic system of the form

(6.1)
Dizo — Azg = co(t, )20 + XwoUs in (0,7) x €,
Dyzi — Az = ag()(t, ) 2y + ci(t, 2)zi, i € 1,m, in (0,T) x 9,
Z0=..=2,=0, on (0,7) x 09,
2(0,-) = 29,
with the following assumptions on the functionk : {1,...,n} — {0,1,...,n}:
(6.2)

Vie{l,...,n},Im=m(i),l <m<n-—1,(ko)"(i) =ko...ok(i) =0.
The linear problem ((6.1) may be reformulated as:

(6.3) Diyz=Az+ Ag(t)z+ C(t)z + Bu, t>0,
’ 2(0) = 29,

where C(t)z = Cy(t, )z(-) and Ag(t)z = Ao(t,-)z(-) where Cy(t,x) =
diag(c;i(t,x));—g5 and the coupling matrix

Ao(t, ) = (ai); 1t = (i) Ouk(i) )i 1T

where we denoted by ¢§;; the Kronecker symbol. Denote by
L =k'(j) = {i € Tn - k(i) = j).

Fix now a family of open subsets w; C Q,i € 1,n such that

(6.4) D, =w;N Wi (4) N---N W(ko)m () =+ 0.

(6.5) D\ | w0

J#ik(5)=k(i)

Choose further a family of open subsets {gj} with the properties

J€0,n
(6.6) wyCCwy, w;CCD\ ) w
14 k(1)=Kk(i)
(6.7) w; CCwy() CCwy, i € 1,m.

For M,6 > 0, and the family of open subsets described above {w;}:, we
introduce the following classes of coefficients sets:
(6.8)

Ensfwyik = B =t ¢ tictn jeom © @i@y: ¢ € L7(Q),

Haik(i)HL‘X’v ||CjHL°° <M, Aik(i) = 0in @ \ Qwﬂ and |azk(z)‘ >4 on le}
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In order to study controllability we consider the system adjoint to system

(6.1):
(6.9)

- Dtpj - Apj - Cj(t7x)pj = Z alj(t,l‘)pl = -/\/’j(tvm)a ] S Wa in Qa
Lk()=j
po=..=pp, =0, on (0,7) x 99,
where for simplicity of further calculations we denoted by
'N’j(ta T) = Z alj(tv z)pi(t, ).
Lk(l)=j
As we have seen in the previous sections all controllability results have
as essential ingredient an appropriate Carleman inequality for the adjoint
system. For obtaing such estimates it is essential to have corresponding
auxiliary functions which appear in the construction of the weights. We

describe this in what follows
Consider again open subsets

(:)_] cC @]7] € 07777’7
and auxiliary functions
n; € C*(Q), 0 < n; in Q, njlog = 0,{z € Q: |Vn;(z)| =0} CC @;,j € 0,n.

We construct now the weight functions entering the various Carleman es-
timates, with the following properties:

i) ;5,7 €0,n,I; #0, ;5,1 € 1,n are defined by
(6.10) Yip=n+ Ky, i =m+ K;

for some fixed positive constants K j,fQ > 0 and such that for a
fixed € > 0 we have

(6.11) Vis > supy r + 2¢,Vi € I, I; # 0;
Q
(6.12) Yip > sup{hys : k(I) =k(i)} +2¢,Vi € I,n, I; # 0;
i)

Sup ¥j.f _ 8 Sup Yis
infl/}jj 7’ iIlfT,[JLS
iii) For j € 0,n such that I # () we define

(6.13)

_8)
77

6.14) ;= suplts(@), is(@) i € Lz € Q) + 6,
(6.15) yj = inf{e); r(z), Y s(x) i € Lj,x € Q} —e.

iv) Denote by ¢ = sup{¢; : I; # 0} and ¢ = inf{yj :I; # 0} and

A, NG, LB

N N e Ny ei—e
o LIRS EY
B B =arp) =8¢
(6.17) ¢, (t) = &)(t) T (t) =aj(t): HT —1)
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MY 61.5@ e/\a _ 61.5@

(6.18) = (T —t) CHT—t)

Remark 3. Observe that this construction of the weight functions allows
saying that

by <i€ I, I #0,

and thus, given 6 > 0 there exists s(0) such that for s > s(f) we have

(6.19) el < ges® e I, I # 0,t € [0,T).

The Carleman estimates we establish now in the tree coupling case are
given in the following theorem:

Theorem 4. Suppose that the coupling coefficients in satisfy

{airgiy ¢ tictm jeom € EMb.{w;}ik

Then there exist constants g, sg such that for A > Ao there exists a con-
stant C' > 0 depending on (M,d,{w;}i, ) such that, for any s > so, the
following inequality holds:

[ (D + [P + |DpP + I d

(6.20) ? )

< C/ Ipo|2e**dxdt
Quo

for all p € H(0,T; L*(2)) N L*(0,T; H*(2)) solution of (6.9).
Moreover, there exists mg € N and 61 > 0 such that we have the following
L>® — L? Carleman estimate

(6.21) Hpe(SerOél)gHL"O(Q) < CHpOesa”LQ(QwO)'

Proof. For j € 0,n we write separately Carleman inequalities for the case
I; # 0 and respectively for the case I; = (. If j € 0,n is such that I; # ()
we treat the equations satisfied by p; and p;,l € I, as a nonhomogeneous
adjoin system, as in the star-like couplings , while in the case I; = () we
have to deal with homogeneous parabolic equations:

(6.22)

{ _Dtpj - Apj - Cj(t,.ilf)pj = ZZ’k(l):j alj(tax)pla in (OvT) x €2,
—Dypr — Apy — ¢i(t, x)p = Ni(t, z), lel;.

For the case I; # () a Carleman estimate, which is an immediate consequence
to intermediate estimate (3.21f), states that there exists 5; and C' > 0 not
depending on s such that for s >3; we have
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/Q(|Dtpj|2 + |D?p; |2 + | Dpj|? + |pj|?)e* Y dudt

+/ Z(‘Dtpi‘Q + |D?*pi|? + |Dpi? + |pi]?) | €**% dadt
iGI]‘

<C / ;e 2S%dxdt+2/ [pil >
Qu;

(6.23) el

+CZ/ )|?e25% dxdt
i€l

<C / Ip;|%e 2S%da;dt+2/ |pi|2e*% | dadt
Qu

«j i€l

+C Z /le (t, z)|*e** U dxdt,

i€l lel;

where we have used Remark [3[in order to say that €% < §e?%% < fe?5u
for 6 > 0 to be fixed later and s > s(6) big enough.

In the case I; = (), we write the Carleman estimate for the homogeneous
equation

—Dipj — Apj — ¢j(t, x)p; = 0
So, there exist constants 5; > 0 and C' > 0 such that for s > 5;

/ (IDipi* + |D?p;|* + | Dp;|* + |p;|*)e** s dadt

(6.24) 9 .

< C/ Ip; 2% dxdt.
Qu,

We add now estimates (6.23)) and (6.24]) and we obtain for some constant
C >0 and s > max;3;:

> / (IDip;I* +1D?p;[* + | Dp;|? + |p;[*) e dadt <
j€o,n

Z / Ipj|2e**% dxdt + Z / Olp;(t,)|?e*% | dxdt.

jE€ln

(6.25)

Choosing 6 small enough we that the integrals on ) in the right side may
be absorbed in the left side of the inequality and obtain

> / (1Dspj|? + 1 D?pjI* + [ Dpi* + |pj|*)e** dadt

J€0,n

<C Z / Ip; 2% dxdt.

jel,n *J

(6.26)



22 C.G. LEFTER AND E.A. MELNIG

Observe now that for j > 0, by (6.2)) there exists m = m(j) and the sequence

jo = J,i1 = k(jo),-- s jm = (ko)™(j) = 0. Now, by (6.4), (6.5), (6.6),
, by looking only in the subdomains w; ,! € 0,m we find a sequence of

equations for [ € 0, m — 1, forming cascade like system:
(6.27)

- Dtpjzﬂ - Aij—1 — G (tvx)pjz+1 = Q5,541 (tvx)pjzv in (0,T) x Wiy yqe

Now, as wj, CCwj

we find, as in the

(6.28) / pj, | % drdt < C/ |pjl+1|262sajl+1 dxdt.
< Y41

Consequently, for all j € 1,n we find, by coupling the chain estimates above,
that

(6.29) / Ipj|*e*% dxdt < C/ o0 dadt,

@i Qfo

which plugged into (6.26)) gives a final Carleman estimate

> / (IDipj|? + 1 D?pjI* + [Dpil* + |pj|*)e** dadt
(6.30) J€0n
< C/ |po|? €50 dzdt.
Qug

which gives the final conclusion in the L? — L? framework, .

The L>®—L? estimate follows by the same lines in the corresponding
Theorem |1} using the bootstrap argument in connection to the regularity
properties of the parabolic flow. [ |

The main result concerning controllability with one control for linear par-
abolic systems with tree-like couplings is the following:
Theorem 5. Consider system with coefficients in éM,g,{gi}i. Then
there exists a constant C = C(M, 6, {w;};) such that for all z° € H there
exists u* € L?(0,T; L*(wo)) N L®(Qu,) which drives the corresponding so-
lution to in 0, i.e. z= 2" satisfies z(T) = 0 and the control satisfies
the norm estimate

(6.31) e ™ N p20,m:22(w0)) + 107 [l22(Qug) < ClIZ° N2

Proof. The proof is identical to the proof of Theorem [2] by using the Carle-
man estimates for the linear adjoint system given by Theorem M| and
a corresponding observability estimate as the one given by Remark

Note here that for the L* estimate on the control, one needs to use in
Carleman estimate a parameter A\ such that holds. [ |

Controllability of nonlinear semilinear parabolic systems with tree-like
couplings may be studied in analogy to the star-like case. For this, consider
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systems of the form

(6.32)
Dyyo — Ayo = go(x) + fo(w,y0) + Xwot, in (0,7) x
Dyyi — Ayi = gi(x) + fi(w, yx(y, vi), 4 € 1,n,  in (0,T) x
Yo=...=Yn =0, on (0,7) X@Q,
y(0,-) =1,

where g; € L>®(Q), j € 0,n and ¥ = (Yy, ..., ¥p,) € [LZ(Q)]"H! is a corre-
sponding stationary solution. We assume the following hypotheses on the
nonlinearities:

(H1’) fo € CL(QAxR), f; € CH QxR xR),i € 1,n there exist wy, ...w, C
open nonempty subsets of €2 satisfying (|6.4),(6.5) and
(6.33) (winwea)\ | wj#0,vieln,
J#i.k(j)=k(3)
and for all i € 1,n we have
(6.34) fi(z,7,8) =0Vx € Q\w;, 7,§ €R;
(H2’) For a family of subdomains {w;}; satisfying (6.6),(6.7), by defining
for i € 1,n the coefficients
S (@) = 2T
ik(1) ayk( )
ofo,  _ ofi, _
0 0 %
co(x) = x , G (x) = Z, iy (1), 7; (),
o(z) 8yo( Yo()), ¢ (x) 8y,~( Uiy (), Ui ()

we assume that for some My, dg > 0 we have

T, Vi) (), Vi)

0 0
(6.35) {ai(i) G tietmjcom € EMo.bo{w; ik

Theorem 6. Suppose  is a stationary state to uncontrolled (u=0)
and that functions f;,j € 0,n satisfy hypotheses (H1’), (H2’). Then, for
all Bp > 0 there exist (o = Co(Bo) > 0 and C = C(Bo,{w;}i,y) such that if
ly“(0) — 7|l < (o there exists a control uw € L*(Q) satisfying

[ullzee@) < Clly™(0) = Yl

and
yu (T7 ) =Y,
with
Hy(t’ ) - y”L‘X’ < /807 le [O7T]'

Remark 4. (1) Our results remain valid if instead of the operator A
we use general elliptic operators wehich may be differently chosen in
each of the equation of the system:

N . N
(6.36) Liyi ==Y Dj(o]"Dyys) + > BFDyyi +viyi i =1L,m,

k=1 k=1
with general boundary conditions which may be also of Neumann or
Robin type. Here (afk)jyk satisfy uniform ellipticity conditions in
Q. In our study we need also to impose regularity assumptions on
the coefficients (agk € WHe(Q), BF v € L®(Q)); these regularity
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(6.37)
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assumptions allow the development of the bootstrap argument based
on the regularizing properties of the parabolic flow when establishing
an L framework for the controllability problem.

The hypotheses on the support of the coupling coefficients is essen-
tial for our approach to the controllability problem. In fact, for the
systems we consider with the same type of couplings but with con-
stant coupling coefficients controllability no longer occurs. take for
example the following system with a star-type coupling (o and 3 are
fized real constants):

Dz — Azp = Xwout, in (0,T") x €,
Dz — Azl = 2y, mn (O,T) X Q,
Dyzo — Azg = Bz9, in (0,T) x Q,
20 =21 =29 =0, on (0,T) x 0.

Considering the results in [11,[2], null controllability occurs if and
only if the Kalman rank condition rank[Ao|B] = 3. However, in this

1 0
situation the Kalman matriz is [Ag|B] = | 0 0] and its rank
0 0

=L o

18 2.

Also, if we consider the parabolic system with tree-like couplings
(2.13) in §2 Preliminaries, with constant coefficients c; = 0, a9 =
aog = az1 = ay1 = 1, the Kalman matrix

100 00
01000
[A4o|B]= 10 1 0 0 O] and this has rank 3; thus the system
00100
00100

s not null controllable.

In fact one may see the results in this paper more as an extension
of the results concerning cascade-like parabolic systems with noncon-
stant coefficients (see [10] ).
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