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Abstract
In this paper we prove an existence and uniqueness result for the sto-
chastic porous media equation with very singular diffusion and multiplica-
tive noise, by using monotonicity techniques. The multiplicative Gaussian
noise is essential in the proof of existence.
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1 Introduction

This work is concerned with stochastic non-linear equations corresponding to
diffusion process of the type

dX (t) = div (X*"'VX)dt (1)

where o € (—1,0), and X (¢,&) is the density for the time space coordinates
(t,).

This type of diffusion has been observed during experiments using Wiscon-
sin toroidal octupole plasma containment device (see [14]). The same model
describes the expansion of a thermalized electron cloud (see [13]).

The phenomena is usually called very singular diffusion and is relevant for the
case of small densities. In those circumstances we may consider a restriction
to non-negative data since the physical applications deal in general with the
situation X > 0. The physical understanding of fast and super-fast diffusions is
assured by the knowledge of some remarkable properties which were studied in
[17].

The Cauchy problem for the equation (1) was studied in the deterministic
case in [15], by using an L' approach. For asymptotic behaviour and stability
of the solution see [11] and [12].

The interest for the corresponding stochastic differential equation follows
from the fact that most natural phenomena exhibit variability which cannot be



modelled by using a deterministic approaches. More precisely, natural systems
can be represented as stochastic models, and the deterministic description is the
underlying motivating example.

The purpose of this paper is to study such equations in the framework of
stochastic evolution equations by using monotonicity methods. We can easily
see that

div (X*7'VX) = L Axe
«

and keeping in mind that « is fixed and negative, we can reformulate corre-
sponding stochastic differential equation as

dX; + A (X)) dt = X, dWs, in (0,T) x
(X)* =0, on ( , )x@@ (2)
Xy ==, in O

Here O is a bounded open subset of R? with smooth boundary 9O and
W (t) is a cylindrical Wiener process on a stochastic basis (2, F, F;, P) taking

values in a Hilbert space H, defined by W (t) = > u,e;3; (t), where p; € R,
j=1

{8; }j are mutually independent Brownian motions over the same stochastic

basis and {e; }j are the eigenfunctions of the Laplace operator A with Dirichlet
homogeneous boundary conditions on d0O. The system is normalized in the
space L? (0) and the corresponding eigenvalues are denoted by A;. We also

assume that Z uz)\Q < 0.

We shall denote by HE (O), H=1 (O) the standard Sobolev spaces on O and
by (., .01, (-)_q, |-l and |.|_; the corresponding inner products and norms.
For p, ¢ € [1,+00] by L}, ((0,T);LP(Q; H)) (H a Hilbert space) we shall
denote the space of all g— integrable processes u : [0,T] — L? (?; H) which
are adapted to the filtration {F;},~,. By Cw ([0,T]; L*(Q; H)) we denote the
space of all H— adapted processes which are mean square continuous.

We shall denote by C' a positive constant independent of the approximations,
that may change in the chains of estimates.

Recently, the theory of non-linear stochastic equations was intensively stud-
ied for the drift of the form —A¥ (X) where ¥ : R — R is a maximal monotone
operator.

In the case ¥ (z) = =% and « > 1, the corresponding equation describes
the dynamics of fluids in porous media (low diffusions) and their existence,
uniqueness and positivity of the solution have already been studied in [6], [7],
[9], [18], [19] for the stochastic case. For the deterministic case see [1] and [20].

The case ¥ (z) = z* and « € [0, 1) is relevant in the mathematical modelling
of dynamics of an ideal gas in a porous media and, in particular, in plasma
fast diffusion model for « = 0 (see [12]). The existence and uniqueness of a
strong solution was studied in [6], [7], [19] for more general non-linear stochastic
equations. Finite time extinction is studied in 3 dimensions for o € [$,1) in [8].



The case U (x) = logx was recently studied in [3]. Note that it corresponds in
the first formulation to the situations o = 0, since div (X7'VX) = A(InX).

For the case ¥ (x) = 2 and a < —1, it has been proved that, even in the
deterministic case, there is no solution with finite mass. For a detailed analyse
of the deterministic case see [20].

The present paper is concerned with the remaining case a € (—1,0) and
we shall prove existence and uniqueness of the solution for equation (2) in the
following sense.

Definition 1 Let x € H1 (0). An H~' (O) —valued continuous F;— adapted
process X is called solution to the super-fast diffusion equation (2) on [0,T] if

X eL?(0,T; L? (@ L*(0))), X* € L*(0,T; L* (Q; Hy (0)))

and
(X (t)vej)z = (33,6]‘)2+/0 /@<V (on (S))7Vej>d£d5
5 [ ot 9 i,

for all eigenfunctions e; of the Laplace operator and ¥V t € [0,T], P —a.s. .

The same type of definition was used for the porous media case in [6].

2 The Main Result

We can now formulate the main result of this paper.

Theorem 2 For each x € L?(O) non-negative a.e. on O, there is a unique
solution to the super-fast diffusion equation (2) such that

X € L>(0,T; L? (Q; L*(0)))NL*(Q; C([0,T]; H'(0)))
and
X*eL*(0,T; L*(Q; Hj(0))).
Proof. We can easily check that the operator
U:Ry —»R_, U(z)=-2°

is monotonically increasing and the range R(Id + ¥) = R, which assures that
it is a maximal monotone operator in R x R. We denoted by Id the identity
function.

Consequently we can take the Yosida approximation for ¥ in R, which is for
each A >0, U):R—R_

U, (z) = % (a?— (Id+»1/)*1x) - ((Id+»1/)*1x), xR



and the corresponding resolvent Jy : R — R, = D (¥)
Iy (z) = (Id+\¥) 'z, zeR.
We define the operator ¥,:R—>R by
Uy (z) = Uy (z) + Az

which is Lipschitz and increasing in R, and also strongly monotone, i.e.
(\Tu () — U, (y)) (@—y) > A(w—y)?®, Ve,yeR

~ \—1
and that implies that the inverse (\IJ A) is also Lipschitz in R.
We shall also need the potential of ] A, 1.e. the Ls.c. proper convex function

2
~ . X
(@) =i (@) + A5, Ve eRy

where
(@) = ——a
J a4+l

is the potential of ¥ and j, is the Moreau regularization of j (see Theorem 2.9
from [2] and [16]). It is well known that jy is differentiable and j§ = ¥, for
each fixed A > 0. B

We can easily check that jy verifies for each A the conditions from Proposition
2.10 of [2] and consequently we get that —AW ) is a maximal monotone operator
in H=1(0) x H=1 (O) with the potential ¢, : H~! (O) — R defined by

1
ot y VSCGR_‘_

p={ L0 LD RO

Note that dp, = —AU,.
We shall consider now the approximating equation

dXy (t) — AU, (X (8)) dt = X () dWs,  in (0,T) x O,
\AI})\ (X)\) =0, on ( 7T) x 00, (4)
X (0) ==z, in O.

Since \TIA is monotonically increasing and Lipschitz in R for each A, we
have by Theorem 2.12 in [5] that equation (4) has for each x € L?(0) an
unique strong non-negative solution X € L? (07 T; L? (Q; L? ((9))) such that
Uy (X,) € L2 (0,T; L? (Q; H{ (0))) . Note that the strong solution is also a
solution in the sense of Definition 1. We need also to mention that the condition
U, (0) = 0 can be avoided via a translation which is possible since the domain

D(¥,) =R and the range R (\I/A) =R



We intend to pass to the limit for A — 0 in
(Xa(t),e5)y = (z,€5)y / / \ATN (Xx(9), Vej>d§ds (5)
23 [ a9, 45,9)
k=170

for all j € N, ¢t € [0,7] and P — a.s.. To this purpose we need some a priori
estimates.

We shall start by the estimate in the norm | . |L2((9) . Note that we can not
do it directly since the approximating solution does not belong to H} (O) and
the formal calculation gives

/Ot /O <V(IV/,\ (X5 (9),VX, (S)> deds

/Ot /O ((V\I/,\ (X2 (8),VXy(8) + A VX, (8)|2) déds

| (0 00 (00 60 3 (50 (3 [V X () + A VX0 (3)) s

[ ey ) o o ez

(since a € (—1,0) and Jy : R — D(¥) =R,).
In order to do this estimate properly we take a second approximation

dX5 (1) + A5 (X5 (1) dt = X5 (t)dW;,  for t >0,
where
Ay(z) = —A(U,(2)+ Az) = —AU, (z)
D(Ay) = {zeH ' (O)NL'(0); ¥i(z)+Ax€H)(0)},

and Aj is the Yosida approximation of Ay, i.e.
€ 1 -1 -1
Aﬂm:gﬁmwm+mn y@,zeH (0).

We know by classical theory that equation (6) has a unique strong solution
and by Lemma 3.4 from [6] we have that, for each A

X5 — X\, stronglyin L* (0,7} L? (Q; H 1 (0))), (7)
X5 — X,, in the weak”™ topology of L™ (O,T; L? (Q; L? ((9))) ,

as € — 0.



We can now apply the Ito formula to equation (6) for the function

1 P2
¢y($):§’(1d_VA) x‘Q, v >0,

and, after taking the expectation and letting v — 0, we obtain

E|X5 (1) +E A5 (X5 () X5 (s) déds = |a|2 + CE | X5 ()]? deds,
0 O 0 O (8)

(for all the details concerning the approximation in v see Lemma 3.5 from [6]).
Let us denote by Yy the solution to the equation

Y{ - AW, () = X5, A (YR) € H (0), (9)
(in other words Y¥ = (Id + eA) ! (X5)). Since W, is strongly monotone we

have that Y¢ is also in H} (O). We can now take the inner product in L? (O)
between (9) and Yy and we get

Vil e [ (V) VY5 ds = | Xivgae.
(@] (@]

Since

At/o<v@,\ (Y/\E)aVY,\E>d§d5

- [/ (e ) ¥ O deds 20

we have that |Yf\§ < \X§\|§ and then, the second term of the left-hand side of
(8) is also positive. Indeed,

¢ £ £ £ 1 ¢ £ £ £
B / /o A5 (X5 (5)) X5 () deds = 1B / /@ (X5 (3) — Y5 (s)) X5 (s) deds

1 t
> 8 [ [ (X507 - 15 )7 deds 20,
2e o Jo
Then, by using Gronwall’s inequality in (8) we get that
e /2 2
E[XS (), < Claly,

for C' a constant independent of € and A, and by (7) we obtain that

esssup B| Xy ()5 < C|z/3. (10)
t€[0,T]



As a direct consequence, we see that, for each (t,w) € [0,T] x Q, we have

1

X < ( /. XA@)?ds) " o)

where || is the Lebesgue measure of the bounded set @. Then, by the Young

inequality (ab < %ap + %bq with 1%—|—% =1) forp= 0%_1 and ¢ = % we obtain
that +1 .
o o -«
[1xertaes 2 [ xera+s 50, o
o o

and then

€35 SUp E/ Xy (6)* T de < C© (|x|§ + 1) . (12)

t€[0,T) o

For the second estimate we take the It6 formula to equation (4) with
or@) = [ Gi@(@)de vaeI(©).

where 3)\ is the potential of U,. Note that for z € L2 (O) non-negative a.e. on
O we have that z*! € L' (0) (and also jy (z)) and the previous integral is
finite for each \. It is clear that 51\ =,.

For a detailed justification for the use of the It6 formula in this context
see Theorem 2.1 from [3] , Lemma 6 from [10] and keep also in mind that

(w,v)y_; = <(—A)71 u,v>2 and then
A (X0)[2, = <(—A)71 (—A‘T’A (XA)> : (—A‘T’A (XA))>2 = ‘V‘T’A (XA)E

For a different context see the second part of Proposition 3.2 from [4].
We obtain, after taking the expectation, that

E/O% (X (t))d£+E/0 /O<V\T/A (X (5)), VA (X, (S))>d§d5
= E/O}A(x)d§+;§uiE/0 /O|XA(5) ex? 7Y (X5 (s)) deds.

We recall that

Ja(z) = Wy(z)
Jz) = W (2)= @ A
Jx (x) A\ () Ji_a(:c)—/\oz+



o0
and |ex| 000y < cAp With kzl p3A; < oo. Now we have that

B [ o +n [ [ (v o6 )] acas (13

< B[ Diercs [ [ X3 (G A deds.
o 0 Jo Ty T(XN) = A
For the first term of the left-hand side we have by Theorem 2.9 from [2] that

B [hoa 2 B[ (joooyoadt)e  a

1
a+1

E /O (Jx (X)) de.

The first term of the right hand side is
E/ Jx (x) d€ <E/ Sl e T d¢ < |z|; (15)
o I = o a+1 9 - 2"
Going back to (13) and replacing (14) and (15) we obtain that

E/ot/o ’v% (XA)’ngds < %HE/O(JA (X)) de

2 ‘ (—a) X3¢ ‘ 2
+|x|2+CE/ / X3t - d§ds+>\E/ / | X\|" déds.
0o JO (J)\ (X,\)) — A\« 0o JO

Since Jy is the resolvent of ¥ we have

Ix (X0) = A (I (X)) = X, (16)
and since Jy (X)) and X are non-negative a.e. on (0,7) x Q x O we get that

OSX,\SJ,\(X)\), a.e. on (O,T)XQXO. (17)

On the other hand, if we multiply (16) by J (X,) and integrate over O we
obtain

FNENE /O (Jr (X))" ) de = /O Xy T (X d.

By using another Young inequality (ab < a? + ib2) in the last term of the
above equality we get that

%\JA (X\)5 < |XA‘§+/ (Jx (X))t de  (for A < 1).
O



Then, arguing as in (11) we get

Oé+1 2 2
Iy (X — O
5 [ (XNl + 7= 10

3 2 2
71 ()l < XL+

and then
I < o (I +0).
Consequently
Lo < 2 [ (eyae (18)
< c(\XA|§+1).

On the other hand, by (17) we have that

(—o) X3~ < (-a) (a (X))

0<
(I (X)) = e (Ja (X)) 7 + A (—a)

< —q.

Now by using (18) and then (10) and (12) we get that

t . 2
E/ / [V, ()| deds < © <esssupE|XA (t)|§+1> <c. (19
0o JO

te[0,T]

By (10) and (19) we have

X\ — X, weak® in L™ (0,T; L* (¢ L*(0)))
weakly in L* (0,T; L* (¢ L* (0)))

AX) — 0, strongly in L? (O,T; L? (Q; L? (O)))
Uy (X5) — 1, weakly in L? (0,T; L* (Q; Hy (0))) .

Now, if we pass to the limit for A — 0 in (5), we get that

(X (1), e) = (,€))+ / /O (Vi, Vej) deds+3 / (eerX (5) ,e5), B (5)
k=1

(20)
forall j e N, t€[0,7] and P — a.s..
To conclude the proof of existence it is sufficient to show that

n(t,&w) =¥ (X (t,&w)), ae on (0,T)x Q x O.



Since the realization of the operator ¥ is maximal monotone in L? ((0,7) x Q x O)
(eventually via a translation), it is sufficient to check that

¢ ¢
limsupE/ / Uy (X)) Xadéds < E/ / n Xd&ds. (21)
0 Jo 0o Jo

A—0

In order to prove this, we need first to check the strong convergence of {X},
in H=!(0). Indeed, by applying the It6 formula in H~! (O) to X, — X, we
obtain via Burkholder-Davis-Gundy inequality for p = 1 that

E sup |Xy(t) = X, (8)]*; < Cmax (A, p),
t€[0,T]

for details see [9]. That leads to
X\ — X strongly in L* (Q;C ([0,T]; H ' (0))).

Then we apply The It6 formula to (4) with the H~!(O) norm and we obtain
that

T - 1 1
limsupE/ / Ty (X3 () Xa(s)deds < —5BIX (T, + JBlaf,
0 O

A—0
1 — K 5
+§ kg_',uk]E ; | X (s) exr|”, ds.

On the other hand if we apply the It6 formula to (20) we get that

T
1 1
B[ o) 06 X )y ds < —3BIX (D, + 581l

1 — ¢ 5
+y 2w [ af a

Now (21) follows directly and then X is a solution in the sense of Definition 1.

To prove uniqueness of the solution we assume by absurd that there are at
least two solutions X; and X, and we apply the It6 formula in H~1 (O) for
X1 — X5. We obtain

%E|X1 () — Xo (t)\2_1+EA /O(\p (X1) — ¥ (X2)) (X1 — X») déds

1 & !
— izukE/ X (s) er]*,ds, tel0,T].
k=i 0

Since ¥ is monotonically increasing we obtain via Gronwall’s lemma that
X1 =Xsae. on (0,7) x Q x O and the proof is complete. m
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